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INTRODUCTION. 



The following Compilation was drawn up at a time when the 
difficulties, which usually present themselves on a first perusal 
of the Principia, were fresh in the recollection of its Author, 
Upon a late accidental revision of it he was induced to think 
that it might, if printed in a convenient form, prove an useful 
guide to those, who not enjoying the benefits of Academical 
or other instruction, are yet desirous of becoming acquainted 
with so much at least of the Principia, as is necessary to a clear 
comprehension of the more prominent and obvious laws of the 
Planetary System. Perhaps even to the regularly educated 
Student it may not be wholly unacceptable as a book of occa- 
sional reference; inasmuch as besides the Commentary properly 
so called, it Mrill be found to contain, carefully arranged under 
proper heads, sA\ or most of those Problems and Deductions 
from the Text, which, after having been collected by the Stu- 
dent at the expenee of much time and trouble, are usually en- 
tered, without any great'regard to order or connexion, in the 
pages of his Manuscript. 

The following is the plan and arrangement of this Treatise. 

I. Newton's text entire, with' the exception of Props. 3, 5, 
and 17; Lemmas 13, 15, and 14, relating to well-known pro- 
perties of the Conic Sections; a few of the Scholia; and the 



C iv ] 

aliter proofs in the 2d and 3d Sections; all of which, as being 
of less general use and application, might, it was conceived, be 
omitted without injury to the work. 

II. A general Introduction to the three Sections, comprising 
a concise account, with Examples, of the Methods of £xhaus» 
tions and Indivisibles, and the doctrine of Limits. 

III. Notes explanatory of Newton's text. In this part, which 
forms the main body of the Treatise, the following method has 
been invariably adhered to. {j) Each Lemma and Proposition 
is prefaced, wherever the subject appeared to require it, with 
such introductory remarks as were thought necessary to prepare 
the reader for Newton's demonstration, {jj) The Lemma or 
Proposition itself, where any difficulty occurs, is explained in as 
distinct and familiar a way as the subject would admit of. 
Ujj) ^^ ^6 ^^^ o^ ^^^ ^^^ ^6 found subjoined, under the ap« 
pellation of Notes, such further remarks, deductions, and prob*- 
lems as the Proposition under consideration seemed naturally to 
suggest. 

IV. A collection of Miscellaneous Problems, with their solu* 
tions. 

The reader will observe that the short account given of the 
doctrine of Exhaustions and Indivisibles, and also Arts. 50, 51, 
and 52, on curvature, have been extracted almost wholly from 
Maclaurin ; and as utility has been his sole object, the Compiler 
of the following sheets has throughout unreservedly borrowed 
ftoxa every valuable source within his reach. 
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MATHEMATICAL PRINCIPLES 



OF 



iBatural l^PosJopj)^ 



SECTION I. 



OF THE METHOD OF PRIME AND ULTIMATE RA- 
TIOS, BY THE HELP OF WHICH THE FOLLOWING 
PROPOSITIONS ARE DEMONSTRATED. 



LEMMA I. 

QumvtUieSy and the ratios of qtmntities, which, in any finite 
time, tefnd continually to equality ; and, before the end of 
that time, approach nearer to each other than hy any given 
difference, become ultimately equal. 

If you deny it, let them be ultimately unequal ; and 
let their ultunate difference be D. Therefore they 
cannot approach nearer to equality than by that given 
difference D. Which is against the supposition. 



LEMMA IL 

Jf in any figure A a c £, terminated hy the right lines A a, 
A £, and the curve a c £, ^lere are inscribed any num' 



Ur cf paraUdogrcaiM A b, Be, C d, S^e. comtodned tin- 
der equal hoses A B, B C, C D, ^c, and the sides B b, 
C c, D d, Sfc, parallel to A a, theside cfthefgum and 
dte paraUdograms a K b 1, b L c in, c M d n, Sfcare 
completed. Then, if ^ breadth rf those parallelofframs 
is diminished, and their number is augmented continually ; 
I sayy that the ultimate ratios, which the inscribed ^figure 
AKbLcMdD, the circumscribed ^figure A a 1 b m 
c n d o E, and the curvilinear figure A a b c d £, have 
to each other, are ratios of equaUtg^^Yig. 1.) 

For the diiSerence of the inscribed and circumscri- 
bed figure is the sum of the parallelograms K /, Tjm^ 
M fi, D o, that is (because of the equality of all their 
bases,) the rectangle under one of their bases K d, 
and the sum of their altitudes A a ; that is, the rec- 
tangle A B 2 a. But tibis rectangle, because its breadth 
A B is diminished indefinitely, becomes less than any 
given rectangle. Therefore (by Lero* I.) the inscri- 
bed and circumscribed, and much more the inter- 
mediate curvilinear figure become ultimately equal. 
Which was to be demonstrated. 



LEMMA III. 

7^ same ultimate ratios are also ratios of equality, when 
the breadths A B, B C, Q l^y S^c. of the parallelograms 
are unequal, and are aU diminished indefinitely. 

For let A F be equal to the greatest breadth ; and 
let the parallelogram F A a y* be completed. This 



1 



will be greater than the difference of the inscribed 
and circumscribed figures ; but, because its breadth 
A F is diminished indefinitely, it will become less 
than any given rectangle. Which was to be demon- 
strated. 

Cor. 1. Hence the ultimate sum of the evanescent 
parallelograms coincides in every part with the cur- 
vilinear figure. 

Cor. 2. Much more does the rectilinear figure, 
which is comprehended under the chords of the 
evanescent arcs ab^b c^ c d^ &c. ultimately coincide 
with the curvilinear figure. 

Cor. 3. As also the circumscribed rectilinear figure, 
which is comprehended under the tangents of the 
same arcs. 

Cor. 4. And, therefore, these ultimate figures (as 
to their perimeters a c E,) are not rectilinear, but 
curvilinear limits of rectilinear figures. 



LEMMA IV. 

If in tiijofiffwres A a c £, P p r T, there are imcrihed (as 
before) iwo series of paraUelofframSf an eqned ntmAer in 
each; andy their breadths being diminished indefinitely y 
if the ultimate ratios of Ae parcdklograms in one figure 
to those in the otiiery each to each reapectiveli/f are the 
same ; I say^ that those two figures A a c E, P p r T, 
are to eaeh o&ier in that same 7%z^.^Fig. S.) 

For, as the paralldiograms in one are sev^raUy to 
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the parallelograms in the other; so, by composition^ 
is the sum of all in one to the sum of all in the other ^ 
and so is one figure to the other ; because (by Lem« 
III.) the former figure is to the former sum, and the 
latter figure to the latter sum, in the ratio of equality. 
Which was to be demonstrated. 

Cot\ Hence, if two quantities of any kind are any 
how divided into an equal number of parts*: and those 
parts, when their number is augmented, and their 
magnitude diminished indefinitely, have a given ratio 
to each other, the first to the first, the second to the 
second, and so on in order ; the whole quantities will 
be, one to the other, in that same given ratio. For, 
if in the figures of this Lemma, the parallelograms 
are taken to each other in the ratio of the parts, the 
sum of the parts will always be, as the sum of the 
parallelograms ; and, therefore, the number of the 
parallelograms and parts being augmented, and their 
magnitudes diminished indefinitely, those sums will 
be in the ultimate ratio of the parallelogram in one 
figure to the correspondent parallelogram in the 
other ; that is, (by the supposition) in the ultimate 
ratio of any part of the one quantity to the corres- 
ponding part of the other. 



LEMMA V. 

homologous sides (^ similar ^figure 
T rectilinear, are proportional ; an 
Itmticaie raJHo of ^ homohgous siA 
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LEMMA VI- 

JjT amy arc A C B, givem^ in position, is subtencbd by its 
clwrd A B, and in any point A, in the middle of a con^ 
tintied curvature, is touched by a right line A D, produced 
both ways; tlien, if the points A and B approach one ano- 
ther and meet; I say that ifie angle BAD, contained be- 
tween the- chord and the tangent, will be diminished in- 
definitely, and Ml uUmately vanish^-^Vig, 3.) 

For, if that angle does not vanish, the arc A C B 
will contain with the tangent A D to angle equal to 
a rectilinear angle ; and, therefore, the curvature at 
the point A will not be continued. Which is against 
the supposition. 



LEMMA VIL 

The same things being siq)posed, I say, ^at the nJttxmate ra^ 
tio of the are, the chord, and ike tangent, to each other, iM 
the ratio qfequcdity. 

For, while the point B approaches towards the 
point A, let A B and A I) be considered as produ-^ 
ced to the remote points b and d, and let &^ be drawn 
pa1*allel to the secant B D. Let the arc Acbhe al- 
ways similar to the arc A C B. Then, supposing the 
points A and B to coincide, the angle d Ab will van- 
ish, by the preceding Lemma; and, therefore, the 
right lines Ab, Ad^ which are always finite, and the 
intermediate arc A c b will coincide, and become 

B 
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equd among themselves. Wherefore^ the right lines' 
A B, AD, and the intermediate arc A C B, which 
are always proportional to the former, will vanish ; 
and will ultimately aequire the ratio of equalky.^ 
Which was to be demonstrated. 

Cor. 1. — (Fig. 4.) Whence, if through B be drawn 
B F parallel to the tangent, always cutting any right 
line A F, passing through A, in F J this line B F will 
ultimately have the ratio of equality to the evanescent 
arc A C B ; because, complating the paralklogram 
A F B D, it at ways has the ratio of equality to A D.. 

Cor. 9. And, if through B and A more right lines 
are drawn, as B E, B D, A F, A Q^ cutting the tan-^ 
gent A D, and its parallel fi F ;^ the ultimate ratio of 
all the sdbscissae AD, A £, B F, B 6, and of the 
chord, and arc A B, to each other, will be the ratio 
of equality. 

Cor, 3. And, therefore, in all our reasonings about 
itltiBQate ratios, we may firedy U9e any.cme <^ these 
tines for any other. 



LEMMA VIII. 

If the right lims A R, BR, tmth the arc AC B, 0^ ckmf 
A B» andthe tangent A D, comtHtuie three triangles R A B, 
R A C B, RAD,, and den, the points A and B approach 
to each other ; I say, that the ultimate firm of {he evanes- 
cent triangles is that of similitude^ and the tdUmate ratio 
UuU of equality^^Fig, 3.) 

¥^^ while t&^ point B ^pproache^ towards dift 



11 

pdiat A, consider always A B^ A D, A R, as produ- 
ced to the remote points b^ dy and r ^ and r bd^oMt 
4rawn parallel to B D ; and let the arc A-c b be aU 
ways similar to the arc A C B. And, supposing the 
points A and B to coincide) the cmgle b Ad will van** 
ish; and, therefore, the three triangles r Kb^r A cb^ 
r Ad^ which are always iSnite, will coincide; and, oa 
that account, become both similar and equaL There- 
ibre the triangles R A B, R A C B, RAD, which 
are alwajs similar and proportional to these, will ul« 
limately become both similar and equal among them- 
selves. Which was to be d^enonstrated. 

Cbr. And hence, in lA our reasonings about ulti« 
fliate ratios, we may indifferently use any one of these 
triaagl^ for any other; 



XEMMA IX, 
1^ a right tme A £, and a curve Une A B Qyyhfen in posi- 
tioriy cut each odter in a pivm taigk A ; cmd to that right 
4iM$t in MmAit givm imgfkf BD, C E -org oftf twa te i^ q»> 
pHedf wmting Hht ^itnm m B, C ; mad the points B and C 
iJogtAer itpproaeh 4owatd9 the poiftt A : / stnf^ Mof die 
^aw$ <f the iTMS^fo ABD, ACE, wOl ukimatefy be, 
one to ike other ^ in the duplicate saHo of the sides^-^Fig, 

For, while the points B, C i^roach towards the 
point A, suppose i^ways A D to be produced to the 
remote points d and e^ so that A cf, A £^ may be pro* 

portional U> A £ti AE; andkttheoridinatesi^i, tfi^ 
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be erected parallel to the' ordinates D B, EC, and 
meeting A B, A C produced in b and c. Let the 
curve A b c he drawn similar to the curve ABC; 
and also the right line A gy which may touch both 
curves in A, and cut the ordinates D B, FiCy db, ec^ 
in F, G^fyg. Then, supposing the length A e to re- 
main the same, let the points B and C meet in the point 
A ; and, the angle c Ag vanishing, the curvilinear 
areas Abd^Ace, will coincide with the rectilinear 
areas Afd^ ^ g ^ : and, therefore, (by Lem. V.) will 
be in the duplicate ratio of the sides Ad, A e. But 
the areas A B D, ACE, are always proportional to 
these areas ; and the sides AD, A E to these sides. 
Therefore also, the areas A B D, ACE are ulti-» 
mately in the duplicate ratio of the sides AD, A £• 
Which was to be demonstrated. 



^n 



LEMMA X. 

The q)aceSy which a body descnbes hyanyfimtejbrce vrging 
it, whether that force is determined and immutabk, or is 
eontiniuxlfy augmerUed or continualfy diminished, are, in 
the very beginning of ^ modoH, in the dupHcate ratio of 
the times. 

Let the times be represented by the lines AD, A E j 
and the velocities generated in those times by the 
ordinates D B, E C-: and the spaces, described with 
these velocities, will be as the areas A B D, ACE, 
described by these ordinates ; that is, at the very be- 
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ginning of the motion (by Lem. IX.) in the duplicate 
ratio of the times AD, A E. Which was to be de- 
monstrated* 

Cor. 1. And hence it is easily inferred, that the 
errors of bodies, describing similar parts of similar 
figures in proportional times, which are generated by 
any equal forces, similarly applied to the bodies, and 
are measured by the distances of the bodies from 
those places of the similar figures, at which, w^ithout 
the action of those forces, the bodies would have ar- 
rived in those proportional time^i ^^^ nearly in the 
duplicate ratio of the times in which they are gene- 
rated. 

Cor. 2. But the errors, which are generated by 
proportional forces, similarly applied, at similar parts 
of similar figures, are as the forces and the squares 
of the times jointly. 

Cor. 8. The same thing is to be understood of any 
spaces whatsoever, described by bodies which are 
urged with different forces. These are, in the very 
beginning of the motion, as the forces and the squares 
of the times jointly* 

Cor. 4. And, therefore, the forces are as the spaces 
described in the very beginning of the motion direct- 
ly, and the squares of the times inversely. 

Cor. 5. And the squares of the times are as the 
jgtpaces described directly, and the forces inversely* 
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LEMMA XL 

77ie evanescent subtense qf^ angle ofcontact^ in att curves^ 
which at the point cf contact have a finite curvature^ is 
tUtimatelt/ in the duplicate ratio of the subtense of the coHr 
terminous arc, — (Fig. 6.) 

Case L Let A B be that arc, A D its tangent^ 
B D the subtense of the angle of contact perpendicu- 
*lar to the tangent, A B the subtense df the arc« Let 
AG, B G be erected perpendicular to the subtense 
AB and the tangent AD, meeting in G; then let 
the points D, B, G, approach to the points d^b^ gt 
and let I be the ultimate intersection of die lines B G^ 
A G, su[iposing the points D, B, to approach conti- 
nually to A. It is evident, that the distance 6 1 mkf 
be less than any assignable. But, (from the nature 
of circles passing through the points A B G, J^bg) 
AB* =r AG X BD, and A6* = A^ Xbd; and 
therefore, the ratio of A B* to A d* is compounded 
of the ratios of A G to A^, and of B D to &d* But^ 
because G I may be assumed less than any assignabk 
lengths the ratio of A G to A ^ may differ from the 
ratio of equality, less than by any assignable differ- 
ence ; and, therefore, the ratio of A B* to A i* may 
differ from the ratio of B D to d /^ l^sts than by any 
assignable difference. Therefore, by Lem. L the ul- 
timate ratio of A B* to A d^ is the same trith the 
ultimate ratio of B D to 5 ^, Which was to be de- 
monstrated. 

Case 2. Let B D be inclined to A D in any given 
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lEfKgle, and tbe ultimate ratio of B D to & d will alwayj»^ 
be tbe same as before ; and, therefore, the same as- 
the ratio of A B* te A ^. Whic^ was to be demon«* 
strated. 

Case S. And, although the angle D h not give% 
but the right line B D converges to a given point, of 
is determined by any other conditi(»i whatever; yet 
the angles D, d, being determined by the same law^ 
wiU always eotiverge to equality, and approach nearer 
to each other than by any assigned difference ; and 
by Lem. I. will be ultimately equiJ ; and, therefore^ 
the lines B D, & ^ are m the same ratic^ to each other 
as before. Which was to be demontitrated. 

Cor. I. Therefore, since the tangents AD, A rf, 
the arcs A B, A d, and their sines B C, i c, become 
ultimately equal to the chords A B, A b ; their 
squares ako will ultimately be as the subtenses B D^ 

Cbr, £. The same squares are also ultimately as 
the versed sines of the arcs, which bisect the chords, 
and eonverge te^ a given point. For those versed 
sines are ais the subtenses R D, i rf. 

Cbr. 9* And, therefore, the versed sine is in the 
duplicate ratio ef the time, in which a body describes 
the arc with a given velocity. 

Car. 4. Tlie rectilinear triangles A D B, Adb are 
ultimatdy in the triplicate ratio of the »des A Hy 
A d ; and in the sesquiplicate ratio of tbe sides D B^ 
ef ft ; as being in the compound ratio of tbe sides A D 
and D B, A d and db. So also th^ triangles A B Q 
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A d c are ultimately in the triplicate ratio of the. sides^ 
B C, 6 c. What I call the sesquiplicate ratio is th^ 
subduplicate of the triplicate, which is compounded 
of the simple and subduplicate ratio. 

Car. 5. And, because D B, dh^ are ultimately 
parallel, and in the duplicate ratio of A D, A £^ the 
ultimate curvilinear areas A D B, Kdh will be (by 
the nature of the parabola) two*thirds of the recti-* 
linear triangles A D B, Kdb\ and the segments A B^ 
A h will be one-third of the same triangles. And 
hence these areas, and these segments, will be in the 
triplicate ratio, as well of the tangents A D, A (f, as 
of the chords and arcs A B, A h 

SCHOLIUM. 

But, we have all along supposed the angle of edn* 
tact to be neither indefinitely greater, nor indefinitely 
less, than the angles of contact, which circles contain 
with their tangents ; that is, that the curvature at the 
point A is neither indefinitely small, nor indefinitely 
great ; or, that the interval A I is of a finite magni- 
tude. For D B may be taken as A D^ : in which 
case, no circle can be drawn through the point A, 
between the tangent A D, and the curve A B, and 
therefore the angle of contact will be indefinitely less 
than circular angles. And, by a like reasoning, if 
D B be made successively as A D*, A D^, A D^, 
A D^, &c. we shall have a series of angles of contact 
proceeding continually, whereof every succeeding se- 
ries is indefinitely less than the preceding. And if 
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)} fi be made successiyely as A D^j A D*, A D^f 

A D% A D^, AD', &c. we shall have another se- 
ries of angles of contact, the first of which is of the 
same kind with those of circles, the second indefi- 
nitely greater, and every succeeding one indefinitely 
greater than the preceding. But, between any two 
of these angles, another series of intermediate angles 
of contact may be interposed, proceeding both ways 
indefinitely^ whereof every succeeding angle shall be 
indefinitely greater, or indefinitely less tiian the pre- 
ceding. As if, between the terms A D*, and A D^, 

there was interposed the ssriesr AD ^ , A D ^ » A D^» 

AD\ Aoi AD^ ADT, A D^^, A D^, 

&c. And again, between any two angles of this se- 
ries, a new series of intermediate angles may be inter- 
posed, differing from one another by intervals inde- 
finitely great. Nor is nature confined to any limit. 

Those things, which have been demonstrated of 
curve lines, and the surfaces which they comprehend, 
are easily applied to the curve surfaces and contents 
of solids. But I premised these Lemmas to avoid 
the tediousness of deducing long demonstrations to 
an absurdity, according to the method of the ancient 
geometers. For demonstrations are rendered more 
concise by the method of indivisibles. But, because 
the hjrpothesis of indivisibles is somewhat harsh, and 
therefore that method is esteemed less geometrical, I 
chose rather to reduce the demonstrations of the fol- 
lowing propositions to the prime and ultimate sums 

C 
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and ratios of nascent and evanescent quantities; that 
is, to the limits of those sums and ratios : and so to 
premise the demonstrations of those limits, as briefly 
as I could. For hereby the same thing is performed, 
as by the method of indivisibles ; aad those principles 
being demonstrated, we may now use them with more 
safety. Therefore, if hereafter I shall happen to con- 
sider quantities, as made up of particles, or shall use 
little curve lines for right ones, I would not be un- 
derstood to mean indivisible, but evanescent divisible 
quantities ; not the sums and ratios of determinate 
parts, but always the limits of sums and ratios : and, 
that the force of such demonstrations always depends 
on the method laid down in the preceding Lemmas* 



SECTION II. 

OF THE INVENTION OF CENTRIPETAL FORCES- 



PROPOSITION I.— THEOREM I. 

That the areas^ which revolving bodies describe by radii, 
drawn to an immoveable centre of force, do both Ue in the 
same immoveable planes, and are proportioned to the times 
in which &hey are described, — (Fig. 7.) 

Let the time be divided into equal parts, and in 
.the first part of time, let the body, by its power of 
^persevering ia its state of uniform motion in a right 
line, describe >the right line A B. In the second 
part of time, the seme would, y£ not hindered, pro- 
ceed directly to r, describing the line JB c equal to 
,A B ; so that by the radii A S, B.S, ^ S, drawn to 
the centre, the equal areas AS B, B 8 ^, would be 
described. But when the body is arrived at B, let 
a centripetal force act at once, with a strong impulse, 
and make the body turn aside from the right line 
^Cy and afterwards continue its motion along the 
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right line B C. Draw c C parallel to B S, meeting 
B C in C ; and, at the end of the second part of time, 
the body will be found in C, in the same plane with 
the triangle A S B. Join S C ; and, because S B 
and C c are parallel, the triangle SBC will be equal 
to the triangle S B c, and therefore also to the triangle 
SAB. By a like argument, if the centripetal force 
acts successively in C, D, £, &c. making the body 
in each single particle of time, to describe the. several 
right lines CD, D E, E F, &c. they will lie in the 
same plane ; and the triangle S C D will be equal to 
the triangle S B C, and S D E to S C D, and S E F 
to S D E. Therefore, in equal times, equal areas are 
described in one immoveable plane ; and, by compo- 
sition, any sums S A D S, S A F S, of those areas 
are to each other, as the times in which they are de-* 
scribed. Let the number of those triangles be aug. 
' mented, and their breadth diminished indefinitely; 
mnd (by Cor. 4. Lem. lit.) their ultimate perimeter 
A D F will be a curve line : and therefore the centri* 
petal force, by which the body is perpetually drawn 
back from the tangent of the curve, will act continn*- 
•ally ; and any areas described SADS, SAFS^ 
which are always propartional to the times of descrip*- 
tion, will, in this case also, be proportional to those 
times. Which was to be demonstrated. 

Cor, 1. The velocity of a body, attracted towards 
an immoveable centre in spaces void of resistance, is 
reciprocally as the perpendicular let fiUl from that 
centre on the right line that touches the orbit For 
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the Telocities in those places A, B, C, D, £, are as 
the bases AB, BC, CD, DE, EF, of equal triangles ; 
and these bases are reciprocally as the perpendiculars 
let fall upon them. 

Cor, 2. If the chords A B, B C, of two arcs, suc- 
cessively described in equal times by the same body 
in spaces void of resistance, are completed intoapar- 
alldqgram A B C V, and the diagonal B V of this 
parallelogram, in the position which it ultimately ac- 
quires, when those arcs are diminished indefinitely, is 
produced both ways, it will pass through the centre 
of force. 

Cor. 3. If the chords A B, B C, and D E, E F, of 
arcs, described in equal times in spaces void of resis- 
tance, are completed into the parallelograms A B C V, 
D E F Z ; the forces in B and E are to each other 
in the ultimate ratio of the diagonals B V and E Z, 
when those arcs are diminished indefinitely. For the 
motions B C, and E F of the body are compounded 
of the motions Be, B V, and E/ EZ: butB Vand 
E Z, equal to C c and F^ in the demonstration of 
thifl proposition, were generated by the impulses of 
the centripetal force in B and E, and are therefore 
proportional to those impulses.. 

Car. 4. The forces, by which bodies in spaces void 
of resistance are drawn back from their rectilinear 
motions, and turned into curvilinear orbits, are to 
each other, as those vei*sed sines of arcs described in 
equal times, which converge to the centre of force, 
and bisect the chords, when those arcs are diminished 
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indefinitely. For such versed sines are half the dia- 
gonals mentioned in Cor. 3. 

Cor. 5. And, therefore, those forces are to the 
force of gravity, £^s the said versed sines, to the versed 
sines perpendicular to the horizon of the parabolic 
4ircs, which projectiles describe in the same time. 

Cor. 6. The same things hold good when the 
planes in which the bodies are moved, together with 
the centres of force, which are placed in those planes, 
^are not at rest, but move uniformly in a right line. 



PROPOSITION II.— THEOREM II. 

ISvery body that moves in any carve line described in a plane, 
and by a radius drawn to a pointy either immoveable^ or 
niovinff forward with an uniform rectilinear motion^ de- 
scribes abovA that point areas proportional to the times y is 
urged by a centripetat force tending to that point. 

Case 1. For every body, that moves in a -curve 
line, is turned aside from its rectilinear course by the 
action of some ferce that impels it. And that force 
by which the body is turned off £rom its rectilinear 
course, and is made to describe, in equal times, the 
very small equal triangles S A B, S B C, S C D, &c. 
about the immoveable point £, acts, in the place B, 
in the direction of a line parallel to c C ;, that is, in 
the direction of the line B S ; and in the place C, in 
the direction of a line parallel to d D, that is, in the 
direction of the line C S, 8cc. It acts, therefore, al- 
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Ways in the direction of lines tending to that immove-' 
able (ioint S. Which was to be demonstrated. 

Case 2. And it is indifferent, whether the surface 
in which a body describes a curvilinear figure is 
quiescent; or movesy together with the body, with 
the figure described, and its point S, uniformly in^a 
right line. 

Cor. 1. Jn spaces or mediums void of resistance, 
i£ the areas are not proportional to the times, the 
forces do not tend to the point in which the radii 
meet ; but deviate therefirom in conseguentia, or to- 
wards the part to which the motion is directed, if the 
description of areas is accelerated ; but m antecedentia^ 
if retarded. 

Cor. 2. And, even in resisting mediums, if the de- 
scription of areas is accelerated, the directions of the 
forces deviate firom the concourse of the radii, to^ 
wards the part to which the motion tends. 

SCHOLIUM. 

A body may be urged by a centripetal force com- 
pounded of several forces. In this case, the meaning 
of the proposition is, that the force, which is com- 
pounded of all,, tends to the point S. But, if any 
force acts perpetually in the direction of lines per- 
pendicular to the described sur&ce, this force will 
make the body to deviate from the plane of its mo- 
tion: but it will neither augment nor diminish the 
quantity of the described surface, and is therefore to 
be neglected in the composition of forces. 
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PROPOSITION IV.~THEOREM IV. 

79to ^ eB Hirip ei ai fatoe9 if hodieSf iMek hy an $qwMi 
moHim deterike t^fbraU eifda^ tend to ike eemtrm rf the 
9am$ ekdes; and are to eacA ath&rf at ih€ Mquang iifiht 
ant detcribed in equal iimeSf applied io A$ radii ef the 
circles. 

These forces tend to the centres of the eu'cles, 
(Prop. II. and Cor. 2. Prop. I.) and are t6 each other 
as the versed sines of arcs, described in eqnal times 
indefinitely small (by Cor. 4. Prop. I.) ; that is, as 
the squares of the same arcs, applied to the diameters 
of the' circles, (by Lem. VII.) and, therefore, since 
these arcs are as the arcs described in any equal times^ 
and the diameters are as the radii ; the forces will be 
as the squares of any arcs described in the same time, 
applied to the radii of the circles. Which was to be 
demonstrated. 

Cor. 1. Since those arcs are as the velocities of the 
bodies, tiie centripetal forces are in a ratio com- 
pounded of the duplicate ratio of the velocities di« 
reedy, and of the simple ratio of the radii inversely. 

Cor. 2. And, since the periodical times are in a 
ratio compounded of the ratio of the radii directly^ 
and tiie ratio of the velocities inversely ; the centri- 
petal forces are in a ratio compounded of the ratio of 
the radii directly, and the duplicate ratio of the pe- 
riodical times inversely. 

Cor. S. Whence it appears, that if the periodical 
times are equal, and therefore the velocities are as 
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tb« radii ] the c^rip«tal fcurces wifi be ako as the 
radii ; and the contrary, 

C€ir. 4. If the periodical times and the vehicities 
are both in the subduplicate ratio g( the radii ; the 
centripetal forceg will be ecjoal ampng themselves : 
and the contrary. 

Cor. 5. If the per iodlcri times are as the radii, and 
therefove the vriocittes cijoal $ Ae ciemlripetal fisfces 
wiB be reeiprocaUy as the radii a and tba cbiklrafy. 

Cor. 6. If the periodical tiims are m the sesqaipB- 
cate ratio of the radii^ and therefore the vdocitiea re^ 
ciprocatly ia the subduplicate ratio of the radii ; the 
centripetal forces will be inversely in the dnplieate 
ratio of the radii : and the contrary. 

Cor. ?• And miiversally,. if the periodical time is 
as any power R** of the radius R, and therefont the 
velocity reciprocally as the power R*^"**' of the radius } 
the oentr^tal force will be cediprocaHy as the power 
of the radius R^*^"' : and ifae oontiravy. 

Cor. 6« The same things all ivdfew caneensing the 
times, the velocities, and forces^ by wUch bodtea 
describe tiie similar parts of any similar figures, thaC 
have their centres in a similar pesition within these 
figures, by applying the demonstration of the pre« 
ceding cases to those. And the application is made# 
l^ substituting the equable descriptidki of areas fdr 
equable motion, and using the distances of the bodies 
from the centres for the radii. 

Cor. 9. Fnm the same deaioiistrifttioft it likewise 
follows, that the arc, which a body, uniformly re- 
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Vdlvirtg'm a circle with a given centripetal forte, de-^ 
scribes in any time, is a mean proportional between 
the diameter of the circlej and the space, which the 
same body, descending by the same given forced 
would describe in flie same given- time. 

SCHOLIUM. 

» 

The case of the sixth cor(dlary is applicable to the 
celestial bodies (as our counti^^nen Sir Christopher 
Wren, Dr. Hooke, and Di?^ Halley^ have severally 
observed) ; and, therefore, in what fellows^ I intend 
to treat more at large of those things which relate to 
a centripetal force decreasing in a duplicate ratio of 
the distances from the centres.: 

Moreover, by means of the preceding preposition, 
and its corollaries, we may discover the prc^ortion 
of a centripetal force to any oth^* known force, such 
as that of graviQr. For if a body, by means of itsr 
gravity, revolves in a circle concentric to the earthy 
this gravity is its centripetal force. But, from the 
descent of heavy bodies, the time of one entire revo*' 
lution, as well as the arc described in any given time,, 
is given (by Cor. 9^ of thb Prop.^} And by such 
propositions, Mr. Huygensy in his excellent book 
De Horologio OsciUatorio, has compared the forc^ 
of gravity with the centrifugal forces of revolving 
bodies. 



PROPOSITION VI;— THEOREM V. 
If a hodyy in a space void of remtanee^ revolves in any orbU 
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^4Aoui an immoveaMe centre, and in an indefimtdy smaU 
Mme describes any nascent arc; and the versed sine <^ 

that arc is supposed to he drawn^ which may bisect the 

chordy and being produced may pass through the centre of 
force; the centripetal force, m the middle of the arc, will 

be as the versed sine direcdy, and the square of the time 

inversely. 

For the Tersed sine, in a given time, is as the force 
(by Con 4. Prop. I.) and increasing the time in any 
ratio, because the arc will be increased in the same 
ratio, the versed sine will be increased in the dupli* 
cate of that ratio, (by Cor. 2 and 3, Lem. XI.) ; and 
therefore is as the force, and the square of the time* 
Subduct on both sides the duplicate ratio of thetimej 
and the force will be as the versed sine directly, and 
the sguare of the time inversely. Which was to be 
demonstrated. 

And the same thing is also easily demonstrated bj 
Cor. 4. Lem. X. 

Cor. 1. — (Fig. 8.) If a body P, revolving about 
the centre. S, describes a curve line APQ, and a 
right line Z P R touches that curve in any point P ; 
and, from any other point Q of the curve, Q R is 
drawn parallel to the distance S P, meeting the tan- 
gent in R ; and Q T is drawn perpendicular to the 
distance S P ; flie centripetal force will be recipro- 

SP* ^ QT* 

cally as the solid ; if the solid is taken 

QR 

of that magnitude which it ultimately acquires, sup- 
posing the points P and Q continually to approach 
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to eaoh odier. For Q R is equal to the xemei sine 
<^ douUe the arc Q P, in whose middle is P : and 
double the triangle S Q P» or S P X Q T is pro|)or« 
tional to the time, in which that double arc is de- 
scribed ; and therefore may be used for die exponent 
of the time. 

Car. 2. By a like reasoning the centripetal force is 

SY» X QP» 
reeiiprocaU^ aa the solid ■ ^ -^ *; if S Y i» a 

perpendicular, let fall from the centre of force on 
1^ R, the tangent of the orbit For the rectangle 
SY X QPandSP X QTare equal. 

Cor. B. If the orbit is either a circle, or touches or 
^uts a circle concentrically, that is, contains with a 
circle an indefinitely small angle of contact or sec* 
tion, having the same curvature and the same radius 
of curvature at the point P ; and if P V is a chord of 
this circle, drawn from the body through the centre 
of force ; the centripetal force will be reciprocally as 

QP* 

lite^oliiSY* X PV. ForPVot^-. 

Cor* 4. The same thiqgs being supposed, the cen- 
tripetal force is as the square of the velocity directly^ 
and that chord inversely. For the velocity is re- 
ciprocally as the perpendicular S Y, by Cor. 1,^ 
Prop. I. 

C&r. 5. Henoe, if any curvilinear figure A P Q » 
given ; and therein a point S is also given, to which 
a centripetal force is perpetually directed ; the law of 
centripetal force may 'be found, by whidi the body 



P, continually dravn back from a rectilinear course, 
will be retained in the perimeter of that figure, and 
will des^ibe the same by a perpetual revolution. 
That is, we are to find by computation, either the 

solid zz— — *, or the solid S T* x P V, recip- 

rocalty proportion^ to iMs^ force. Examples of thii 
we shall give in the following Problems* 



PaOPOSiTION VIL— PROBLEM IL 

JUt a bodff revolve in the eireum^erence <f a- circk; it is 
required *> ^nd the law cf centr^)etal farce iendingf to 
amy given paint* — (Kg- ^*) 

Let V Q P A be the circumference of the circle ; 
S the given point, to which the force tends, as to a 
centre; Fthe body moving in the circumference ; Q 
the next place into which It is to move, and PR Z 
die tangent of the circle at the preceding place. 
Through the point S let the chord P V be drawn ; 
and, the diameter V A of the circle being drawn^ let 
A P be joined ; and hi fall Q T perpendicular to 
S P, which produced may meet the tangent P R in 
Z ; and lastly, through the point Q let L R be drawn, 
which may be parallel to S P, and may both meet 
the circle in L, and the tangent P Z in R. And, 
because of the similar triangles Z Q R, Z T P, V P A, 
R P», that is -Q R L will be to Q T», as A VMo 



89 



, , , , QRL X PV» 

P V*. And, therefore, —'- , is equal to 

A V* ^ 

Q T*. Let these equals be multiplied into yz~9 and 

Q It 

the points P and Q continually approaching, for R L 

SP* X PV^ 

jwrrite P V. Thus we shall find rrrz^ sz 

A V* 

S P* X Q T* 

—- =-. Therefore (by Con 1 and 5, Pro- 

Q R 

position VI.) the centripetal force is reciprocally as 

s p* X p y^ 

■ ' ; that is ^because A V* is given) recip- 

A V 

rocally as the square of the distance or altitude S P, 
and the cube of the chord P V jointly. Which was 
to be found. 

Cor. 1. Hence, if the given point S, to which the 
centripetal force always tends, is placed in the cir-^ 
cumference of this circle, suppose at V, the centri- 
petal force will he reciprocally as the quadrato-cuba 
(or fifth power) of the altitude S P. 

Cor. 2. — (Fig. 10.) The force by which the 
body P in the circle A P T V revolves about the 
centre of force S, i^ to the force by which the same 
body P may revolve in the same circle, and in the 
same periodical time, about any other centre of force 
R, as R P* X S P, to the cube of the right line S G, 
which is drawn from the first centre of force S, to 
the tangent of the orbit P G, and is parallel to the 
distance P R of the body from the sepond centre of 
force R. 
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Por, by the cDnstruction of this proposition. Hie 
fonner foirce is to the latter, as R P* x P T^ 
to SP* X PV3; that is, as SP X R P* to 

SF X PV3 ' . . 

— ; r- ; or (because of the siimlar triangles 

l>SG,TPV)toSG^ 

Cor. 3. The force, by which the body P iri any 
otbit revolves about the centre of force S, is to the 
forcei by which the same' body P may revolve in the 
same orbit, and in the same. periodical lime, about 
any other centre of force R, as the solid S P X R P*, 
contained under the distance of the body from the 
first centre of force S, and the square of its distance 
from the second centre of force R, to the cube of the 
right line S G, which is drawn from the first centre 
of force S to the tangent P G of the orbit, and is par- 
allel to the distance R P of the body from the second 
centre of force R. For the forces in this orbit, at 
any point P, are the same as in a circle of the same 
curvature. 
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PROPOSITION VIIL— PROBLEM IIL 

£ei a body move in tfte semi-^rcumference P Q A ; it is re- 
quired to find the law of centripetal forcey tending to a 
point S, 60 remote, that aU lines P S, K S draivn thereto^ 
may be taken for paraUd. — (Fig- 11«) 

From C, the centre of the semi-circle, let the semi- 
diameter C A be drawn, cutting those parallels per- 
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liendicularly » M and N, md kt C P be jeJUed. 
BeeiLu^e dt the sinilaF triangles C PM, PZT, maA 
KZQ,CP*i«toPM%asPR*toQT»;mid,frQw 
the nature of the circle, P R* is equal to the rectui^ 

Q R X RN + Q!N^; or, the pomts P and Q con- 
tinually approaching, to the reetwgle Q R K S PM. 
Therefore G P* is to PM% asQR X 2PMta 

^r^ . . QT* 2PM5 ^QT*xSP 
Q'P; therefore ^^=: "cF^^and ^^— 

2VW XSP» ^ ^ ^ ^ . ^ 
5= pv^ • ^^ therefore (by Cor. 1 and 

5, Pi^. Vl.y the centripellal force is f eciprocally ai 

fPM^ >C SP* ^ . , . , . 

n^^ — ■ — » ™^^ ^ (neglecting the given rati* 

2 S P* 

■ pfa^ ) reciproealfy as P M^. Which iraa to te 

found. 

. The same thing is likennse easily collected from the 

preceding proposition. 

SCHOLIUM. 

And^ fay a IQce reusing, a body wiU be found to 
move in an ellipse, or even in an hyperbola, or para- 
bola, by a centripetal force^ which is reciprocally as 
the cube of the ordinate^ directed to ct centre of force, 
at a very great distaocev 
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PROPOSITION IX.--P&OBLEM IV. ' 

t^ a body remtve in a spiral P Q S, ctMng dU ^ H'odS. 
SP, ldd,<^^ in a gitfen angh ; it i& feqidred id jM ^ 
wcM t^'cifi^iftpiUd'JtjTCBj tbrtdtng io the vtMt^ cfwM spitnim 

Let the indefinitely small angle P S Q be given ; 
and because all the angles are given, the species of 
the figure S P R Q T will be given. Therefore the 

QT . QT» 

ratio yr^ is given ; and yc^ is as Q T ; that is, 

(because the species of that figure is given,) as S P. 
But if the angle P S Q is any way chaQged9 the right 
line Q R, subtending the angle of contact Q ]E^ ft 
(Lem. XL) will be changed in the duplicate ratio df 

Q T* 

P R or Q T. Therefore the ratio remains 

the same as before ; that is, as S P* Therefore 

QT* X SP* 

p— ^ is as S P', and (by Cor. 1. lind 5, 

Prop. VI») the centripetal force is r^procrily as tfie 
cube of the distance S P. Which was to be found. 



PROPOSITION X— PROBLEM V. 

Leiaboefy revolve in aauM^; kis required to find the 
law qf centripetal Joree^ tending to the centre ofAe d^pee. 
(Fig. 13.) 

Let C A, C B be sehii^axes of the ellipse, G P, 

E 
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D K other conjugate diameters; P F, QT perpeii- 
diculars to those diameters ; Q v an ordinate to the 
diameter G P ; and if the parallelogram^ Q c; P R is 
completed^ the rectangle P v G will be to Q v*, as P C* 
to C D* ; and (because of the similar triangles Q t> T, 
PCF) Qw»isto QT*, as PC* to PF*; and by 
composition, the ratio ofPvGtoQHPis compound- 
ed of the rado of PO to CD*, and of the ratio of 

QT* 

PC* to P P J that is, i>G is to -r — as P C* to 

P V 

CD* X P F^ 

=-r;^ . Substitute Q R for P », and (bj 

Conies) B C X C A for C D X P F, also (the 
points P and Q^continually approaching) 2 P C for 
V G ; and multiplying the extremes and means 

Q T» X. P C* 

together, we shall have pj—g equal to 

2 B C* X C A* 

p-|g . Therefore (by Cor. 5, Prop. VI.) the 

2BC* X CA* 
centripetal fi>rce is reciprocally as i^-p;^ ; 

that is (because 2 B C* X C A* is given) reciprocal- 

ly as jr-p; ; that is, directly as the distance P C... 

Which was to be fbund. 

Cor, r. And therefore, the force is as the distance 
of the body from the centre of the ellipse ; and, on 
the contrary, if the force is as the distance, the body 
wiU move in an ellipse^ whose centre coincides with 



35 



tiie eentte of force ; or perliaps in a circle, into which 
the ellipse may be changed. 

Cor, 2. And the periodical times of the revolutions 
made in all ellipses whatsoever about the same centre 
will be equal. For those times in similar ellipses are 
equal (by Cor. 3 and 8, Prop. IV.) but, in ellipses 
that have their greater aids common, they are to each 
o^r, as the whole areas of the ellipses directly5 and 
tne parts of the areas jdescribedin the same time in- 
versely ; that is, as the less axes directly, and the ve- 
locities of the bodies in the principal vertices inverse- 
ly ; that is, as those less axes directly, and the ordi- 
nates to the same point of the common axis inversely ; 
and therefor (because of the equality of the direct 
and invent ratios) in the ratio of equality. 
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SECTION III. 



OF THE Motion of bodies in eccentric^ .^ .,. 

CdNie ACTIONS. 



PROPOSITION XL— PROBLEM VL 

Let a body tevotbe in an ellipse ; Uis required to find the 
law of centripetal force tending to the focus of the ellipse* 
—(Fig. 14.) 

Let S be the focus of the ellipse. Draw S P, 
cutting the diameter D K of the ellipse in E, and the 
ordinate Q u in j:; and let the parallelogram Q^ I? R 
be completed. It is evident that E P is equal Jto 
the greater semi-axis A C : for, drawing H I from thl 
other focus H of the ellipse, parallel to E C, becausqj 
C S, C H are equal, E S, E I will be also equal ; so! 
that E P is half the sum of P S, P I, that is, (because I 
of the parallels H I, P R, and the equal angles I P R, : 
H P Z,) of P S, P H ; which taken together are equal \ 
to the whole axis 2 A C. Let Q T be perpen- 
dicular to S P, and putting L for the principal latm 
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2BC* 

rectum of tbe ellipse (or for L X Q R 

will be to L X P t?, as Q R to P 1?; that is, as P E, 
or A C to PC; and L X Pi;, to G » P, as L to 
G v; and G w P to Q t?» as P C* to C D* ; and 
(by Cor 2, Lem. VII.) the points Q and P continu- 
ally approaching without end, Q »* is to Q .r* in the 
ratio of equality ; and Q a:*, or Q w*, is to Q T* as 
E P* to P P ; that is, as C A* to P P ; or, (by Co- 
nies) as C D* to C B*. And compounding all these 
ratios, together, L X Q R is to Q T*, as A C X 
I. X PC* X CD*, or 2 CB* X PC* X CD% to 
PC X Gt; X CD* X CB*. or as 2 PC to Gv. 
But^ the points Q and P continually approaching 
without end, 2 P C and G v are equal. Therefore 
the quantities L X Q R and Q T* proportional to 
these, are also equal. Let these equals be multiplied 

SP* r^ . 

into 7P5-5 |ind L X S P wiB become equal to 

SP* X QT* ^ 

n T? ' ' " * Therefore (by Cor. 1. and 5. Prop. 

VI.) the centripetal forc«i& reciprocally « L X SP* ; 
th^t 19^ TeciproccJly in the dqplicate ratia of th^ dis- 
tance S Pi, Whick wa& to be fouad* 
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PROPOSITION XIL— PROBLEM VIL 
^t/et^iboiy move i» an hgperboht it it required ts /ind^ 
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iaw qfcentrip^f&ree tending to the focus ofAaiJSgure. 
-<Fig. 15.) 

Let C A9 C B be the semi-axes of the hyperbola ; 
P G, K D other conjugate diameters ; P F a perpen* 
dicular to the diameter K D : and Q t? an ordinate to 
the diameter GP. Let S Pbe drawn cutting the 
diameter D K in E9 and the ordinate Q v in>, and 
let the parallelogram Q R P «r be completed. It is 
evident, that E P is equal to the semi-transverse axis 
A C ; for, drawing H I from the other focus H of 
the hyperbola, parallel to E C, because C S, C H are 
equal, E S, E I will be also equal ; so that E P is 
half the difference of P S, PI; that is (because of 
the parallels I H, P R»,imd the equal angles I P R, 
H P Z) of P S, P H ; the difference of which is equal 
to the whole axis 2 A C. Let Q T be perpendicular 
to S P. And the principal laius rectum of the hy- 

. 2BC» , 

perbola (that is ,) being called L, we shall 

have L X QR toL X Pt;, as Q R to Pw, or Par 
to P V ; that is (because of the similar triangles P x v, 

P E C), as P E to P C, or A C to P C. Also L X 
P V will be to Gv X Pi;, asLtoGr; and (by the 
properties of the conic sections) the rectangle G v P 
is to Q V*, as P C* to C D* ; and (by Cor, 2, Lem. 
VII.) Qv^ to Q J?*, the points Q and P continually 
approaching without end, becomes a ratio of equality ; 
and Q^* or Qv* is to QT*, as E P» to PF» ; that 
is, as C A* to P P, or (by Conies) as CD* to 
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G B* : and, compounding all these ratios together, 
L X Q R is to Q T*, as A C X L X P C* X C D», 
or2CB*XPC»XCD*toPCXG»XCD» 
X CB*; oras2 PC toG». But the points P and 
Q continually approaching without limit, 2 P C and 
G V are equal. . Therefore the quantities L X Q R 
and Q^T% proporticmal to them, are also equaL 

SP* 

Let these equals be multiplied into 77:^, and L X 

vl IV 

SPXQT* 

S P* will be equal to pr-= . Therefore, 

(by Cor. 1 and 5, Prop. VI.) the centripetal force is 
reciprocally as L X S P* ; that is, reciprocally in the 
duplicate ratio of the distance S P. Which was to 
be found. 



PROPOSITION XIIL— PROBLEM VIIL 

Lei a body move in the penmeUr of a parabola : it is re- 
quired to find the law of centripetal force, tending to the 
focus ofthatJisture^Fig, 16.) 

Let P be the body in the perimeter of the parabo- 
la, and from the place Q, into which the body is mov* 
ing, draw Q R parallel, and Q T perpendicular to 
S P ; as also Q v parallel to the tangent, and meeting 
both the diameter P G in %?, and die distance S P in x. 
Now, because of the similar triangles Fx v, S P M, 
and the equal sides S P, S M of the one, the sides 
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P^orQRand t^v of t^ other oittftifiOequftT. But 
by the prc^erties <if the coaic aedtiofis, llie square t)f 
the ordinate Q t; is equal to the rectangle under th^ 
iaius rechm^ and the segment Pt;of the diameter; 
riiat is, (by Conies) to the rectangle 4 PS X Pcf, 
or 4 PS X Q R } and) thepomts P and Q approachi- 
ing without lunit, the ratio of Q v to Q or (by Cor» % 
Lem. VII.) becomes the ratio of equality. Therefore 
Q<z^, in this case, becomes equal to the rectangle 

4 P S X Q R. But (because of the similar triangles 
Q^T, SPN)Q^» is to QT», as PS* toSN*; 
that is, (by Conies) as PS to S A; that is, t% 
4PSX QRto4SAX QR, and therefore 
<by Pr<^. IX. Lib. V. Elem.) Q T*, and 4 S A X 

SP* 

Q R are equal. Multiply these equals into , and 

Q K 

5 P* X Q T* 

P^T5 will become equal to S P* X 4 S A ; 

Q R 

and therefore (by Cor 1 and 5, Prop. VL) the cen- 
tripetal force is reciprocally asSP* X 4SA; that 
is, because 4 S A is given, reciprocally in the dupli- 
cate ratio of the distance S P. Which was to be 
found. 

Cor. 1. From the three last propositions it follows, 
that if any body P goes from a place P, with any 
velocity, in the direction of any right line P R, and 
at the same time is urged by the action of a centripe- 
tal force, which is reciprocally proportional to the 
square of the distance of the places from the Centre ; 
this body will move hi one of the conic sections, hav- 
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ing its focus in the centre of force ; and the contrary. 
For, the focus, the point of contact, and the position 
of the tangent being given, a conic section may be 
described, which at that point shall have a given cur- 
vature. But the curvature is given from the centri- 
petal force and the velocity of the body being given, 
and two orbits, mutually touching each other, cannot 
be described by the same centripetal force, and the 
same velocity. 

Cor. 2.' If the velocity, with which the body goes 
from its place P, is such, that in any indefinitely 
small moment of time the line P R may be thereby 
described; and the centripetal force is such, as in the 
same time to move that body through the space Q R • 
the body will move in one of the conic sections ; 
whose principal lotus. rectum is the limit, to which 

QT* 

the quantity ^^ approaches, while the lines P R, 

Q R are continually diminished. 

In these corollaries I consider the circle as an el- 
lipse ; and I except the case, where the body descends 
to the centre in a right line. 



PROPOSITION XIV.— THEOREM VI. 

If several bodies revolve about one common centre^ and the 
centr^oetal force is redprocaUy in the duplicate ratio of 
ike distance of places from the centre; I say, that the prin^ 
cyml latera recta rfAeir orbits are in the duplicate ratio 

F 
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of die 0fvat, which Ab haiUe^ h^ radii drawn $o tSe tek-^ 
trty descrtbe in the mme 6*ific«— *(Fig« S») 

For (by Cor. 2, Prop. XIII.) the laiHs rectum L 

is equd to tbe limits to which the qttabtity ^^ 

approaches, while the distance of F and Q is conti- 
nually diminished. But the small line Q K, in a 
given time, is as the generating centripetal force ;:^^ 
that is, (by supposition) reciproodly as S P*^ . Tbere- 

fore tt:^ is as Q T* X S P* ; that is, the lattis reC' 

imn L is in the duplicate ratio of the area Q T X 
S P. Which was to be demonstrated* 

Cbr. Hence the whole area of the dUpse^ add the 
feccangk under the axes, proportional to it, is in the 
ratio compounded of the subduplioato ratio of the la-^ 
ins rectum^ and the ratio of the periodical time. For, 
the whole area is as the area Q T X S P, whidh is 
described in a given tirne^ multiplied into the perio- 
dical time» 



PROPOSITION XV.— THEOREM VIL 

The same things being supposedy I say^ that the periodicai 
times in ellipses are in the sesqmpUeate ratm ^ their 
greater axes. 

For the less axis is a mean propcHlional between 
&<i greater axis and the latm return i and, thereibre, 
the rectiu^e under the ax^ is in Ike r&tid €0m-^ 



-pounded of the sabduplicate ratio of the latus reetum^ 
:and the sesquiplicate ratio of th6 greater axis. But 
this rectangle (by Cor. Prop. XIV.) is in a ratio, 
^compoiiiided of the subduplicate ratio <^ the latui 
rectumt and the ratio of the periodical time. Svh^ 
4uct from bodi sides the subduplicate ratio of the 
iatus rectum^ and there will remain the sesquiplicate 
iratio of the greater axis equal to the ratio of the pe- 
-riodical time. Which was to be demonstrated. 

Cor. Therefore, the periodical times in ellipses are 
the same as in circles, whose diameters are equal to 
the greater axes of the ellipses. 



PROPOSITION XVI.— THEOREM VIII. 

ITie same things being supposed, and right lines being drawn 
to the bodies, which touch the orbits ; and perpendiculars 
being letfaU on these tangents from €ie common, fixws : I 
say, that the velocities of 0ie bodies are m a ratio com- 
poundid of iSie ratio of ^ perpendiculars inoersely, amd 
the svbduplicaite ratio of the principal latera recta dt- 
rec%— (Kg. 8.) 

From the focus S draw S Y perpendicular to the 
tangent P R, and the velocity of the body P will be 
reciprocally in the subduplicate ratio of the quantity 

SY* 

— - . For that velocity is as the indefinitely small 

4arc P Q described in a given moment of time ; that 
is, (by Lem. VII*} as the tangent P R ; that is, be- 
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cause of the proportionals P R to Q T and S P to 

SPXQT 

SY, as —• , or as S Y reciprocally and 

S P X Q T directly; but S P X Q T is as the area 
described in a given time ; that is, (by Prop. XIV.) 
in the subduplicate ratio of the latus rectum. Which 
was to be demonstrated. 

Cor. 1. The principal latera recta are in a ratio 
compounded of the duplicate ratio of the perpendi- 
culars, and the duplicate ratio of the velocities. 

Cor. 2. The velocities of the bodies, in their great- 
est and least distances from the common focus, are in 
the ratio compounded of the r^tio of the distances 
inversely, and the subduplicate ratio of the principal 
latera recta directiy. For the perpendiculars are 
now the distances. 

Cor. 3. And therefore the velocity in a conic sec- 
tion, at its greatest or least distance from the focus, 
is to the velocity in a circle at the same distance from 
the centre, in the subduplicate ratio of the principal 
latus rectum to double that distance. 

Cor. 4. The velocities of bodies revolving in ellip- 
ses, at their mean distances from the common focus, 
are the same as those of bodies revolving in circles, at 
the same distances : that is, (by Cor. 6, Prop. IV.) 
reciprocally in the subduplicate ratio of the distances. 
For the perpendiculars are now the less semi-axes, 
and these are as mean proportionals between the dis- 
tances and the latera recta. Let this ratio inversely 
be compounded with the subduplicate ratio of the 
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latera recta directly, and we shall have the subdupli- 
cate ratio of the distances inversely. 

Cor. 5. In the same figure, or even in different 
figures, whose principal latera recta are equal, the 
velocity of a body is reciprocally as the perpendicular 
let fall from the focus on the tangent. 

Cor. 6. In a parabola, the velocity is reciprocally 
in the subduplicate ratio of the distance of the body 
from the focus of the figure : in the ellipse it is mor^ 
varied, and in the hyperbola less than according to 
this ratio. For (by Conies) the perpendicular let fall 
fromthe focus on the tangent of a parabola is in the 
subduplicate ratio of the distance. In the hjqperbola 
the perpendicular is less varied ; in the ellipse more. 

Cor. 7. In a parabola, the velocity of a body, at 
any distance from the focus, is to the velocity of a 
body revolving in a circle at the same distance from 
the centre, in the subduplicate ratio of the number 
2 to 1 ; in the ellipse it is less, and in the hyperbola 
greater, than according to this ratio. For (by Ck>r. 
2 of this Prop.) the velocity at the vertex of a para- 
bola is in this ratio, and (by Cor. 6 of this Prop, 
and Prop. IV.) the same proportion is preserved in 
all distances. And hence also in a parabola the ve- 
locity is every where equal to tlie velocity of a body 
revolving in a circle at half the distance ; in an ellipse 
it is less ; in an hyperbola greater. 

Cor. 8. The velocity of a body, revolving in any 
conic section,' is to the velocity of a body revolving 
in a circle, at the distance of half the principal latus 
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Tectum of the section, as that distance, to the peipen-. 
^licular let fall from the focus on the tangent of the 
section. This a]:^ars by Cor. 5. 

Cor. 9. Since (by Cor. 6, Pn^. IV.) the velocity 
of a body, revolving in this circle, is to the velocity 
4)f a body, revolving in any other circle, reciprocaUy 
in the subduplicate ratio of the distances ; therefore 
ex aquo the velocity of a body, revolving in a conic 
section, will be to the velocity of a body revolving in 
A cirde at the same distance, as a mean proportional 
between that common distance, and half the principal 
lotus rectwn of the sectic»i, to the perpendicular let 
fiill from the common focus upon the tangent of the 
section. 
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THREE SECTIONS- 



Of the Method of J^a^katistions. 

Art. 1. JtjEFPR]^ we enter upon the consid^atioa 
of t)ia doGtriqe.of Prime aiKi Ultima^ Hatios, it may 
be of use to observe the steps by which the ancients 
were able, in i^yeral instances,^ from the mensuration 
of ri^t4ined figures, to judge of such as are bound- 
ed by curye lines : Jbr as they did not allow themselves 
to resolve curvilinear ^gures into rectilinear elements^ 
it is worth while to examine by what art they could 
make a transition from the one to the other. 

2. They found that similar triangles are to each 
other in the duplicate ratio of their homologous 
sides ; and by resolving similar polygons into similar 
triangles, the same proportion was extended to these 
polygons also. But when they came to compare cur- 
vilinear figures, which cannot be resolved into recti* 
linear paits, this method feiled. In th^e instances, 
they had recoursie to what is called the Method of 
Exhaustions ; the principle of which consisted, first, 
in describing upon the curviUnear space a rectilinear 
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one, which) thouj^h not eqoal to the otlier, yet riiiglit 
iiSSsr less from it than by any assignable Quantity y 
and seccmdly, in inyestigating the titith or ndsehood 
of every supposition that could- possibly be made 
€X>ntrary to tne proposition to be proved; and by 
veducinff every such suppo»tion to an absurdity,, 
dienoa m&emy inferring the truth of the proposi^ 
don itseUl For instance, in comparing, the areas of 
tiro circle^ thejr inscribed in each similar^ polygons,- 
which, by increaMiu; the number of their sides, con^ 
tinnally. anproacfaea to the areas of the circles, ^ so 
that* the decreasing differences betwixt each drde 
and its- inscribed pmygon,. by stiU further and further 
divisioniE^-of tlfe einmbir arcs, cetild become less than 
any quantity that can be assigned: they found that 
all this while the «flMlar polygons observed the same 
invariable ratio to each otb^, viz; that of the squares 
0f the diameters of* the. ciides. Upon this they 
founded their demonstration; and by shewing that 
aomeabsurdity must fMiom if wesu^sose^tiie circles 
to be to each ot&erih'agreftt^r'or in a less ratio tium 
the squares of the diameters, they ccmcluded that 
t&eymust be in that veryrfttio. Bftt as one com* 
plfct& instance may serve better' than any general de- 
scription, to exemplify their reasoning let the fidlow« 
ing Theorem be proposed to be^ demonstrated by^ the 
Method' of Exhaustions. 

3. TheaTea(fa€M^utqiiidtohaJ^iht 

diu9 and cmnmtference^^Fig. 17.) 

ILet bd, tiie base of the right jL^ /^ abd, he sup-- 
posed equal to the circumlference of the circle A B D, 
a K' = radius C A, £ FG H any equilateral polygoa' 
described about tfie circle, A B D K a similar poly- 
n inscribed in it. As the drcumscribed polygon 
F G H is greater than the circle, so it is greater 
than the triangle abd (being =5 to a a whose altitude 
is C A or a by and base =t perimeter. £ F G H, 
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%liich is always greater than bd^ihe circumference df 
the 0). The inscribed polygon is less than the 0, 
and it is also less than the ^ abdj (being = to a a 
whose altitude =: C Q, which is less than C A or^a 6, 
and base = to its perimeter A B D K, whidi is iess 
than 'the circumference b d) ; •'• the and the /k 
ah d are both constantly limits betwixt the extern^ 
and internal polygons E F G H, A B D K. Let the 
arc A B be bisected in L, and the tangent at L meet 
A E5 BE in M and N, and the Z ELM being a 
Tight 4^9 E M must be greater than L M ''or MA, 
the A £ L M greater than A L M, and E M N 
greater than the sum of Ae a*. A L M, B L N9 and 
copsequently greater than iialf the space £ A L B» 
hounded by &e tangents £ A, £ B, and the arc 
A L B; .*• (by Euclid 1. 10 B, the foimdation of^his 
viethod) the circumscribed polygon may^appioach to 
the nearer thim by any'assigBable«qu«[itity. The 
Jnscribed pdygon may also approacli to the nearer 
than by any assi^able quantity, as is shewn in the 
Elements of Eudid, /• the O and the a abd^ which 
are both limits betwixt ^these polygons, must be equal: 
to each other. For if the a aidhe not = to the 
circle, it must either be greater or less than it. If the 
A abdhe greater than the 0, then since theexternal 
polygon, by «icreasing the number of its sides, ^may 
be made to am>roach the so as to exceed U by a 
quantity less manany diflference that can be supposed 
to exist between it imd the a a Aif, it follows laat the 
external polygon may become less than Aat a, 
which is absurd. If tne a abdbe less^dian the 0^ 
then the inscribed .polygon, by being made to ap- 
proach the 0, may exceed that A, which is also 
absurd : Hence the cirde and a are equal to each 
•other. 

4. Archimedes in this' demonstration does not aup^ 
•pose the cirde to ^cofnaiftf^.with a circumscribed equila* 
teral polygon of an infinite aiumber of sides, but pro- 
ceeds in a more accurate and unexceptionable maonen 
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And in this consi^ the error of many writers, who 
have asserted that eurve lines were considered by the 
anci^it geometers as polygons of an infinite number 
of sides. But this principle no Mrfaere appears in 
their writings; we never find them resolving any 
figure or solid into infinitely small elements ; on the 
contrary, they seem to avoid such suppositicms, even 
when their demonstrations might have been some* 
times abridged by admitting them. For instance, if 
they could have allowed themselves to have consider- 
ed circles as. similar polygons of an infinite number 
of sides ;' after provi^ that any similar polygons in* 
scribed in circles are in the duplicate ratio of their 
diameters, they would have immediately extended 
this to the cirdes themselves. But there is ground 
to think, that they would not have admitted a demon* 
stration of this kind. It was a fundamental principle 
with them, on which, as Archimedes expressly asserts, 
they founded their propositions on curvilinear figures, 
that the difference of any two unequal quantities may 
be added to itself until it exceed any proposed finite 
quantity of the same kind. But this principle seems 
to be inconsistent with the admitting of an infinitely 
small quantity or difference, which added to itself 
any number of times, is never supposed to become 
equal to any finite quantity whatsoever* The an*- 
cients, ther^rie^ considered curvilinear areas as the 
limits of circumscribed t)r inscribed figure of a m<»*e 
^mple kind, which ^proadi to these limits, (by a 
.bisection of lines or angles, that is continued at plea* 
sure) so that the difference betwixt them may become 
less thaii any given quantity. The inscribed or cir- 
cumscribed figures were ^1 ways conceived to be of a 
magnitude and number that is assignable ; and frcmi 
what had been shewn of these figures, they djemoQ^ 
.strated the' mensuration or the proportions of the 
curvilinear limits themselves, by argum^^ts ab ad» 
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Of the Method of Indivisibles. 

80 The doctrine of Exhaustions, as delivered by 
Archimedes, being considered tedious and prolix by 
the mtidern geometers, various methods were propo- 
sed for the purpose of simplifying and abridging his 
demonstrations. It was tliougbt unnecessary to con- 
ceive the figures circumscribed about, or inscribed in^ 
the curvilinear area or solid, as being always assign- 
able and finite ; and, therefore, instead of the assign* 
>ab}e finite figures of Archimedes, indivisible or infi« 
fiitely small elements were substituted, and these being 
imagined indefinite or infinite in number, their sum 
was supposed to coincide with the curvilinear area or 
isolid. 

6. It was upon these principles that Cavalerius, in 
the 17th century, founded what is called the Method 
of Indivisibles* In this doctrine, lines were conceiv«- 
ed to be made up of an indefinite number of points, 
superficies of lines, and solids of superficies ; and in 
computing the magnitudes or proportions of areas or 
jsolids, they computed the sum of all the indivisible 
elements of which the area or solid is composed. 
Thus for example, a a was conceived to be made up 
of an indefinite number of lines parallel to the base, 
«nd consequently the area of the a was equal to the 
sum of all these parallel lines. Now to find the sum 
of these parallel lines, we have only to conceive them 
as a set of quantities in, arithmetical progression — the 
1st term being 0, and the last term the base of the 
A, and the number of terms the perpendicular ; /• 
the sum of the series, or the area of th^ a, will =7 
base X ^ the perpendicular. 

7. Ex. 2. — To find the roHo betwixt the ^here and iU 
circumscribing cylinder by the method of indivisibles^^-^ 
(Fig. 18.) 

Let the cylinder N M, the cone NOR, and the 



54 



•hemisphere M T S be cut by planes parallel to the 
base,oneofwhichisCSKDC; then SO = CD^ 
= SD* + DO» = SD» + DK*, /.CD» = SD* 
+ D K*; and this is true for every section parallel 
to the base ; /« since the circles of which these lines 
are the ^ diameters are as the squares of the said ^ 
diameters, it follows that the sum of all the circles in 
the ^ sphere, loffether with the sum of all the circles 
in the cone = the sum of all the circles in the cylin- 
der ; the 4?;dinder itself /., which is composed of these 
circles, is = to the ^ sphere and cone together ; but 
the cone is a third part of the cylinder ; this therefore 
being rdeducted, there remains ^ sphere : cylinder 

8. In this doctrine then we see, that by the admis- 
«ion of infinitely small quantities, ttie old foundation 
of geometry was abandoned, and suppositions resort- 
<ed to which had been avoided by Ardiimedes. And 
though the new geometry had much the advantage 
over the ancient in point of coneisoiesR ; jiset the for- 
mer was much inferior to the other in the certainty 
of its deductions* For as this doctrine was inconsis- 
tent with the strict principles of geometry, so it soon 
appeared that there was some danger of its leading to 
ialse conclusions. And after men had indulged them- 
selves in admitting quantities that were not assign- 
able, and in supposing such things to be .done as 
could not possibly be effected (against the constant 
practice of the ancients), and had mvolved themselves 
m the mazes of infinity, it was not easy for them to 
avoid perplexity, and sometimes error. 

9. To shew the caution which should be used in 
the application of this doctrine, the following exam- 
ple may be sufficient If a be considered as a 
polygon of an infinite number of sides, and /• an in- 
finitely small arc be supposed perfectly to coincide 
with its chord, it follows that the time of the vibra- 
tion of a pendulum in this arc = the time of descent 
down its chord ; — but, by mechanics, the ratio of the 
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times is that of the quadrant of a o to its diamelen 
Nor can this difficulty be removed except the arc be 
aoMt divided into an infinite number of indivisible 
eiemeniSj infinitely less than the former ; u e. we must 
have recourse to* infinitesimals of the 2d order.* 



Of the Doctrine qfPthne and Ultimate Ratios. 

Ati. H>. Having taken* a general view of the an- 
cient geometry, as it existed in the time of Archi- 
medes, and the changes effected in it by the modern 
mathematicians, previous to Newton's time ; we may 
now proceed to the consideration of the doctrine of 
Prime and Ultimate Ratios, which was invented by 
Sir I. Newton, for the purpose, as he himself says, of 
avoiding, on die one hand, the tedious demonstra- 
tions ofthe ancient, and on the other, the inaccurate 
and objectionable positions of the modem geometers^ 
In this doctrine, magnitudes are not supposed to con- 
sist of indivisible parts, but to be generated by con- 
tinued motion. Lineae nempe (as Newton says) 
describuntur, ac describendo generantur, non per ap- 
positionem partium, sed pier rootum continuum pune- 



* Hiere is no such difficulty wheir the m«thod of prime and 
ultimate mtios is applied to this case ; for, though the arc and 
chord approfximate to equalilVy the times of descending along 
them do not approximate; for, hy the doctrine of limits, no 

I)art of a curve, now small soever, can ever be taken for a right 
ine : but even when they so &r approach to each other, that 
their lengths may be taken as equaC tiio curve stUI remains a 
curve; its inclination is different from that of the chord; the 
accelerating force along the curve perpetually varies, while the 
accderatinff force along the chord remains constant, and con- 
sequently the times of describing these spaces are uaequaJ, even 
supposing their lengths the larae. 
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toram; superficies per motum lioettnimy solicia pet' 
motum superficierum, ai^uli per rotationem laterum^ 
tempora per fluxum continuum, & sic in caeteris. 
Hae geneses in rerum naturfi locum verd habent, & 
in m6tu corporum auotidie cemuntur. This m^ 
thod of conceiving all variable quantities to be gene- 
rated by motion is the characteristic feature, which 
distinguishes both this doctrine, and also that of flux- 
ions. 

11. This being premised, we now go on to the 
doctrine itself, the principle of which is contained in 
the following definition : — Let there be two quan- 
tities, one fixed, and the other varying, so related to 
each other that (1) The varying quantity, by a per-r 
petual augmentation or diminution, continually ap* 
proaches to the fixed quantity. (2) That the vary-* 
ing quantity does never pass beyond or even actually 
reach that which is fixed. (3) That the varying 
quantity approaches nearer to the fixed quantity 
titan by any assignable difference ; then, upon the 
fulfilment of these three conditions, the fixed quantity 
is called the Limit or Ultimate Magnitude of the 
varying quantity. 

12. Ex. — According to this definition the de- 
scribed Art. S, is the limit of the polygon circumscribe 
inff it. For, as was shewn in that ArU, (1) this 
polygon, by encreasing the number of its sides, con- 
tinually approaches to the area of the 0. (2) It can 
never become less than the 0, or even equal to it. 
(S) By continually encreasing the number of its 
sides. It may at length approacn nearer to the than 
by any assignable quantity. The .V having the 
conditions lidd down in the last Art. is the limit of 
the polygon. 

IS. The explanation given in Art. II, of quan* 
titles which have limits, is also to be extended to the 
limits of ratios. The definition may be thus stated. 
If there be two quantities that are (one or both) con- 
tinually varying, either by being continually ai^g- 
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Diented, oi" continually dimiilished ; and if the ratio 
they bear to each other do^s, by this means, perpe- 
tually vary, but in such a manner, that (1) this vary- 
ing ratio continually approaches to some determinisd 
ratio; (2) that the varying ratio does never pass he^ 
yond, or even actually reach, the fixed ratio; (3) that 
the varying ratio approaches nearer to the fixed ratio 
than to any other that can be assigned : then, upon 
the fulfilment of these three conditions, the deter- 
mined ratio is called the limiting or ultimate ratio of 
the varying one. 

14. Ex. 1. — Let a be any varying cmantity ; make 

4 .r* + 3 J7 = A, and 2 j;* + ^ = B, then will A 
and B also be varying quantities, as depending upon 
a ; when x vanishes^ A and B will both vanish ; aiid 
when X is infinite, they will both be infinite ; I say, 
that the determined K^. 3 : 1 is the limiting K^^of 
A : B, while x decreases in infinitum. For the R**, 
A : B = the R°. 4 a: + 3 : 2 ^ + 1 ; .'• (1) as x 
decreascis, A : B approaches to the R^. 3:1; (2) 
the R°. A : B can never exceed, or even reach, that 
of 3 : 1; for 6 X* + S X : 2 x^ + X :: S : 1, but 
6 X* + 3 ^ is greater than ^ x^ + S x ; •*. ^ x^ + 
3 4? is always in a less R®. to 2 j?* + x than the R®. 
3 : 1 ; (3) the Ratio A : B will approach nearer to 
that of 3 : 1, than to any other that can be proposed ; 
for 4 X and 2 x may become less than any assignable 
quantity, by the diminution of x ; consequently the 
R°. 3 : 1 IS the limiting R°, of 4 ^* + 3 a? : 2 ^* 

+ X. 

j&r. 2. — Taking the same R**. as before; I say, 

that while x increases in infinitum, the determined 

R°. 2 : 1 is the limiting R°. of A : B ; for the given 

3 1 

R*. z= that of 4 + — : 2 + — ; .•- (1) the Ratio 

X X 

A : B approaches that of 2 : 1 ; for as or increases 

5 1 

— and — decrease ; (2) the R^. A : B can never be 

XX 

H 
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less than, or even equal to» the R^. 2 : 1 ; for 4 j^ 

+ 2j7: 2j?* + ar::2:l; •'.4:0^ + 3aris always- 

to 2 j?^ + X in a greater R^. than that of 2 : 1 ;/ 

(3) the R^« A : B will approach nearer to that of 

2 : 1 than to any other that can be proposed ; for 

3 1.. 

— and — , by increasing x, may become less than 

any assignable quantity; consequently the R^ 2 : 1' 
is the limiting R°. of 4? ^ + 3 a: : 2 a/* + x. 

15. We see then in the two last Examples, that*^ 
though diminishing J*, and consequently diminishing 
the terms A and B, increases their R^. ; and con- 
trariwise increasing these terms, by increasing ,r, de- 
creases their R^. ; yet there is a limit both to the in- 
crease and decrease of this R°., though there is none 
to the terms themselves that compose it, which, as we 
have seen, in the first case decrease, and in the other 
increase, in infinitum. 

16. We will close these Examples, by proposing a 
geometrical one, for the purpose of more clearly ex- 
plaining Newton's phrases of " Ratio ultima quan- 
titatuni evanescentium,'*^ and ** Ratio prima quantita- 
tum nascentium." Let (Fig. 19) ABCD, EBCF 
Be two quadrilateral figures, and let D F be parallel 
to A E ; then the quadrilateral ABCD bears to 
the quadrilateral EBCF the proportion of A B + 
DC to E B + C F. Now if the line D F be sup- 
posed to advance towards A E, with an uninterrupted' 
motion, till the quadrilaterai'S quite disappear or va- 
nish, this proportion ofAB + DC: BE + CF 
vnll, during this motion, continually vary, (unless the 
lines DA, C B, F E produced meet in the same 
poihtj which they are not here supposed to do) and 
this proportion, by diminishing the distance between 
D F and A E, may at last be brought nearer to the 
proportion of A B : BE than to any other whatever; 
though it can never exceed, or even actually reach, 
this proportion ; .% the proportion of A B : B E is 
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-ihe limitingor ultimate proportion of the quadrilate- 
ral A B CD : the quadrilateral E B C F, because it 
is the proportion which these quadrilaterals can never 
actually have to «ach other, but the limit of that pro- 
portion. 

In this Ex. then, as in the other above given, the 
quantities themselves, i, e, the quadrilaterals, liave 
neither of them any final magnitude, or even so much 
•as a limit; but, by the <fiminution of the distance be- 
tween D F and A E, diminish continually without 
^nd ; yet there is a limit to the varying proportion 
existing between them, viz. that of A B ^ B E ; and 
hence this limit is to be called the ultimate R^. of 
the vanishing quadrilaterals. 

17. But that the meaning of the expression "Ra- 
tio ultima quantitatum evanescentium" may be still 
more clearly understood, we may further observe, (1) 
That since the quadrilaterals diminish by a continual 
motion till they actually vanish, they may properly 
be called vanishing quantities; since under this view 
they have never any stable magnitude, but decrease 
by a continued motion till they become nothing. 
(2) That the quadrilaterals A BCD, BEFC, be- 
.come vanishing quantities, from the time we first 
ascribe to them this perpetual diminution, i, e. from 
that time they are quantities going to vanish. And 
as during their diminution tliey have continually dif- 
ferent proportions to each other ; so the R°. between 
A B and B £ is not to be called merely Ratio harum 
quantitatum evanescentium ; but ultima Ratio, &c. 
and the same observations are applicable to the Ex- 
ample given in Art. 14. 

1 8. Should we suppose the line D F first to coin- 
cide with the 'line A E, and then to recede from it, 
thus giving birth to the quadrilaterals; then under 
this conception, the R°. A B : B E, as it was before 
^led the R°. wherewith the quadrilaterals vanish^ is 
now to be considered as the R®. wherewith the qua- 
wdrilaterals by this motion commence ; and the R°. may 
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also properly be called iixejlrs^ or prime R^ of the^e 
quadrilaterals at their origin, 

19. As in Art IT^ the phrase vanishing qoantides 
was applied to the quadrilaterals, from the time that 
they are quantities going to vanish ; so, under the pre* 
sent conception, they are to be called nascentes, not 
only at the very instant of their first production, but 
according to the sense in which such participles are 
used in common speech ; just as when we say of a 
body, which has lain at rest, that it is beginning to 
move, though it may have been some litue time in 
motion. On this account we must not use the simple 
expression. Ratio quantitatum nascentiumt but Ratio 
prima quantitatum nascentium, 

20* We see here the same R^. may be called 
sometimes the Prime^ at other times the Ultimate^ 
R^. of the same varying quantities, according as these 
quantities are considered under the notion of vanish- 
ing, or of being produced, before the imagination, 
by an uninterrupted motion. The doctrine under 
examination receives its name from both these ways 
of expression. 

The reader having now, it is hoped, gained a cor* 
rect idea of the limit or ultimate magnitude of a va^ 
riable quantity and ratio, may proceed with advantage 
to the first Lemma, wherein it is demonstrated that 
the limits or ultimate magnitudes of two variable 
quantities, or two variable ratios, approaching to 
each other as there describ^d^ are accurately equalt 
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NOTES TO SECTION I. 



LEMMA I. 

21. Case 1. --—Let there be two variable quantities 
a: and y^ which continually approadu to equality^ so 
that their difference, when compared with either of 
them, becomes at length less than any assignable 
quantity ; then will x and y be ultimately equal : in 
other words, if a be the ultimate magnitude of <r, and . 
b the ultimate magnitude of y^ these limits a and b I 
will be accurately equal. For if not, let these limits 
have a difference^ d^ ue.\%tb :=: a + d\ then since 
a is the limit of ^, x can never exceed a, and •*. can 
never come nearer to a + ^ the limit of j/, than by 
the given difference d ; i. e. x and y^ even in their ul- 
timate state, can never approach nearer to each other « 
than by the ^iven difference d\ which is contrary to / 
the hypothesis : /• a does accurately =: &, ue, x and ^ 
y are ultimately equal. Here x has been supposed ^ 
to be less than its limit a ; but the Prop« may be pro- 
ved after the same manner, if ^ be supposed to be 
greater than a. 

Case 2. Let there be two variable Ratios x : y and 
V : %^ which ccmtinuaJly approach to equality ; so that 
at lenffth the R^. x : y approaches nearer to that of 
V : % uian to any other that can be assigned ; then 
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iinll flie R^ x^.y he ultimately = the R^ v: z; in 
other words, if m : n be the limiting R^. oi x : y^ and 
p : q the limiting R^. o{v : z^ the R°. m : n shdil ac- 
curately = that p : 9. For if not, let there be any 
given difference between them ; then, since the Ratios 
m: : y and v : z can never actually reach their limits 
m : n and p i q; it follows, that a : ^ and v : z can 
never approach nearer to equality than by this given 
difference, which is contrary to the hypothesis ; .*. the 
R^. m : n does accurately = that of ^ : ^ ; u e. the 
Ratios X : y and v : z are ultimately equal. 

Or both cases may be cqncisely proved, by observ^ 
ing, that both quantities, and the Ratios of quantities, 
fiuch as are understood in the Lemma, cannot ap- 
proach nearer to each other than their limits do ; and 
hence the absurdity of supposing these limits unequal 
is immediately i^parenL 



LEMMA IIL 

Nate to Lemma S. 

22. What is here proved of the areas of the in- 
scribed and circumscribed figures is not true of the 
perimeters s for the Z' boundary of the circumscribed 
always remains the same, being = A a 4- A £, what- 
ever be the number of divisions ; and .*. never ap- 
proaches the curvilinear boundary as a limit ; and the 
Z' boundary of the inscribed approaches that of the 
circumscribed as a limit, and is always greater than 
the curvilinear boundary. Hence Newton's ultimate 
sum in Cor. 1 must be strictly confined to area. 
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23. For (Tig. 20 J one of the lines at least in eacfii 
pair al^ Ib^ bm^mc, cn^ nd^ must ciit the curve^ 
consequently one of the lines at least in each pair 
must make a greater Z with the curve than the tan- 
gents do; hence the a* a/? i, 6 1> c, crd^ formed by 
the tangents, will fall within the mixtilinear spaces 
albf bmCf end, and •*• be less- than them ; coase^ 
quently since Aalbmcnd is ultimately = the cur- 
vilinear area, much more will the area Aapbocrd 
be ultimately = the same curvilinear area. 

Notes to Lem, 3. — Cor, 4. 

24«. The ultimate J^ures here spokierr of must be 
applied only to the figures of the chords and tangents, 
since the Z.' perimeters above mentioned, have not 
the curve line for their limit The Cor. so far as 
relates to the chords, is perfectly evident | if the 
reader should not think it equally so for the figure 
formed by the tangents, he may see a proof of it in 
Art. 34. 

25. Curvilinear limits of rectilinear Jigures, See 
Scholium to Lemma XI., where Newton again cau- 
tions his readers,* that if at any time he should, for 
right lines, substitute curve lineolse, they are not to 
understand that these lineolae are made up of right 
lines, however small, (agreeably to the doctrine of 
Indivisibles) but that the curves are the limits, to 
which the vanishing right lines continually aj^oach, 
and ultimately equal. 



* ** Si pro rectis usurpavero Uneolas curvas> ttolim indiyisibiira^ 
sed evaneflcentia diyisilnlia.'' 
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LEMMA IV. 

26. For, by hypothesis, A' : a' llB' i V i: C : cf 
ultimately ; /. A' : a' i: A' + W + O : a^ + V + cf 
ultimately ; but ultimately A' + B' + C = .whole 
figure A A E, and a' + ^ + c' =f whole figure FpT ; 
/• under the conditions mentioned in the Lemm% 
A fl E : Pp T in the given R°. of A' : a\ 



LEMMA V. 

Inlrodudofy Article to Lemma 5. 

27. Definition. — Curvilinear figures, when referred 
to a centre, are said to be simUar, when they may fee 
supposed to be placed in such a manner, that any 
right line being drawn fi*om a determined point to 
the terms that boiind them, the parts of the right line, 
intercepted betwixt that point and those terms, are 
always in one constant R°. to each other: or, in 
other words, they are similar, when the rad. vect®. 
containing equal Z' are always proportional. Thus 
the curvilinear figures A S D, aSdy (Fig. 21) or the 
figures S P D, Spd are similar, when any line S P 
being drawn always from the same point S, meeting 
the two curves in P, p^ the R°. of S P : Sp is inva- 
riable. 

JutmmcL 5. 

28. (1) Let S A D, 5 a d (Fig. 22 J be two similar 
curvilinear figures, and let S A P Q D be any poly- 
gon inscribed in the former ; draw sp, s y, &c., mak- 
ing the Z* at 5 respectively = the Z*at S; then 
since by definition S A : Srllsa i^Pf and Z A S P 
=: Z. a sp, the a' A S P, a s^ are similar ; and the 
same may be shewn of all the remaining a», .*. poly- 
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gen sdpqd is similar to the polygon S A P Q D ; 
and hence AF : FQll ap : pq; and P Q : Q D : : 
pq : qd; .'. A F ; ap 11 F Q : p q II QJi : q dj &c., 
dnd this is true when the number of the sides A P, ap^ 
P Q, ^ y, &c. is increased, and their magnitude di- 
minished without limit; .\ (by Cor. Lem. IV.) curve 
A P D : curve a p d 11 A P : a p 11 S A : s a. 

29. (2) Taking the same construction as before, 
since the polygons SAPQD, sapqd are similar, 
the A" into which they are divided will be similar ; 
/. A SAP: A sap:: aSFQ: /^spqll aSQD 
: ^ sqd, &c. ; .*. as before, curvilinear area SAD: 
curvilinear area sad II a SAP: j^ sap «: SA* 
: so*. 
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LEMMA VI. 

Introductory Articles to Lemma 6. 

30. A curve of continued curvature may be defined 
to be a line traced out by a point, continually changing 
its direction ; where we may observe that the word 
continually implies that the change of direction of the 
generating point must not be effected by starts or 
impulses (per saltumjj but by an uninterrupted and 
equable motion. Thus the Z BCD (Fig* 28^, 
which measures the variation of direction of the ge- 
nerating point at A and B, (while the point moves 
from B to A) must, before it become nothing, pass 
through all the intermediate degrees of magnitude, 
from B C D to nothing. 

81. From this definition, it will appear that two 
curves which cut one another, as E cf, ^ F, (Fig. 24^ 
cannot be called a curve of continued curvature at the 
point d\ for \ia and c be taken on opposite sides of 
di the variation of direction from a to c, viz. the Z 
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cBg has been effected per sdUum ; u e. in passing from 
nothing \jo c b g^ the Z has not passed through all 
the intermediate degrees of magnitude. 

32. From hence also it follows, ( 1 ) That if the 
distance betwixt two positions of the generating point 
continually decrease^ and at length ultimately vanish, 
the change of direction of this point will also conti- 
nually decrease, and at length ultimately vanish ; u e^ 
while B moves up to A (Fig. 23j the Z BC D is 
decreasing continually without limit, till at last, when 
A B ultimately vanishes, the Z B C D also ultimate- 
ly vanishes. (2) That the direction of the generating 
point is a tangent to the curve ; for, suppose A D to 
be the direction of the generating point at A, then^ 
if it did not change its direction, it would move along 
the line A D ; but, by the definition, it is continually 
changing its direction ; .V if it be in the line A D at 
A, it will not continue in it, but will, in the next 
moment of time, go either above or below it ; /. A I> 
is a tangent to the curve at A. (3) That A D is the 
only tangent;' for, if possible, let A V fFig. 25 J mak- 
ing a finite Z with A I>, be a tangent, let the point 
B move up to A, so that the change of direction 
BCD may be indefinitely small, then will B C D be 
indefinitely less than D A V ; .V a fortiori will the 
interior Z, formed by the curve and tangent D A, be 
indefinitely less than DAY; ue, DA passes inde- 
finitely neai*er the curve than any other line A V that 
ean be drawn* 

LetfKWMi 6. 

^3, After what has been premised, the Lemma 
may be easily proved thus. Let A, B (Fig. 25/ be 
two positions of the generating point, draw the chord 
A B, and at the points A, B, draw AC, B C in the 
direction of the generating points at A and B respee* 
tively ; then A C, B C are tangents to the curve, 
(Art. 32.) Now, by the continual approach of B to 
A, the change of direction of the generating point 
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win continually decrease, and at length ultimatelj 
vanish, (Art. S2) u e. the Z B C D will ultimately 
vanish; a fortiori /- will the interior Z B A D, <:on- 
tained by the chord and tangent, ultimately vanish* 

iVbfe to Lemma 6« 

94, By the help of this Proposition, Cor. 4. Lem. 
III. may be easily proved. Let the two lines A D, 
D B fMg. 26 J9 which touch the curve A C B of con- 
tinued curvature in the points A, B meet each other 
in D, and the chord A B be drawn ; the sum of the 
tangents will be greater than the chord ; and if the 
curve be divided into any two parts in the point C^ 
and the chords AC, C B be drawn, and also E F a 
tangent to the curve in the point C, meeting the tan- 
gents AD, B D in £ and F, the sum of the chords 
A C9 C B will be greater than the first chord A fi ; 
and the sum of the tangents A E, EC, C F, F B^ 
greater than the sum of the chords .: but A E, E F 
being less than AD, D F; AE, E F, FB will be 
less than AD, D B. Hence, if the number of parts, 
into which the curve A C B is divided, be continually 
increased, the sum of the chords will be continually 
increased, and the sum of the tangents continually 
diminished ; and the latter sum being always greater 
than the former, the difference between them will 
continually decrease^ and as the Z* between the 
chords ana tangents maybe diminished without limit, 
(Art. 33) this difference may he also diminished with- 
out limit. Hence the difference between the perime- 
ters of the figures, contained by the two lines A or, 
A E, fFig. Ij and the chords, and by the same two 
lines and the tangents, will be continuallv diminish- 
ed, as the bases A B, B C, C D, &c. are diminished ; 
and the perimeter of the curvilinear figure will be & 
limit to idiem both. 
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LEMMA VII. 

Introductori/ Article to Lemma 7. 

35. It follows from the definition of similar curvi* 
liuear figures given in Art. 27, (1) that to draw a 
curve Acb similar to another A C B (Fig. 27^, we 
must produce A B to any point by and, while A b re- 
volves round A as » centre, let the point b move in 
the line A 6, so that A b may be to A B in a given 
R°. ; then will Acb he similar to A C B ; (2) that if 
A D be a tangent to A C B at A, it will also be a 
tangent to the similar curve A c j& at A ; for draw b d * 
parallel to B D*, then by similar a% bd.i BD \l 
A 6 : A B, in a given R**. ; •. bd will not vanish 
till B D vanishes, u e. at the point A. 

• 

Lenvma 7. 

S6. Produce A D (Fig. 27^ to any distant point 
dy and let dbhe. drawn parallel to D B, meeting the 
chord A B produced in b\ and through the point b 
describe, as has been above shewn, the curve Acb 
continually similar to A C B, to which A d will be a 
tangent; then, by similar a% AB: AD^^Ai: Ad\ 
and by similar figures (Lem. 5.) A C B : A c 6 ^ ; 
A B : A £, or as A D : A £^ ; .*. the chord, arc, and 
tangent A B, ACB, and A D are always propor* 
tional to the chord, arc, and tangent A 2, A c &, and 
A d. But when B moves up to A, the Z 6 A /i ( ;= 
Z B A D) wiD, by Lem. 6, ultimately vanish ; /. 
A i, and also the intermediate arc Acb^ will conti- 
nually approach A d^ and at length will ultimately 
coincide with, and become equal to it ; and conse- 
quently A B, ACB, and A D, which are always 
proportional to these, will also ultimately be to each 
other in ^ R**. of equality, 
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Notes to Lemma 7. 

37. In the demonstration B D is supposed to move 
parallel to itself, as B moves up to A, while b d re- 
mains fixed. Hence (1) by the motion of B towards 
A, A & is continually approaching nearer Ui Ad with- 
out limit ; while, at the same time, it curries the in- 
termediate arc Acb (which is continually. unbending 
itself) along with it (2) The magnitudes of A 6 and 
Acb a;lso continually approach to that of A ^ nearer 
and nearer without umit ; though these quantities can 
never exceed A ct, nor indeed equal it, till B and A 
actually coincide; /. the^wiVe lines Aft, Ac J, and 
A d ultimately coinciding are equal ; whence this is 
also inferred of the vanishing lines A B, A C B, and 
A D, which are always proportional to them. 

38. The Lemma is frequently explained by sup- 
posing R B D fFig. S) to move round R fixed as a 
centre, while, oy this revolution, B continually ap- 
proaches to A ; at die same time d r moves round 
the fixed point d in a contrary direction, so as always 
to keep parallel to R B D. but this explanation is 
clearly at variance with Newton's notions, as is evi- 
dent from the next Lemma. — See Art. 41. 

39. Since it would be difficult for the understand- 
ing, in contemplating quantities, which elude the 
notice of the senses, clearly to perceive the changes 
which take place in the vanishing chord, arc, and 
tangent, and the limit to which their proportions 
continually approach, Newton has had recourse to 
the artifice of substituting, in the room of these van^ 
ishing quantities, Jinite ones, which bear a constant 
proportion to the others; and by ascertaining the 
limit which the R^. between the latter ultimately at- 
tains, on the coincidence of B and A, he discovers 
idso the limit of the Ratios of the vanishing quanti- 
ties, which are proportional to them. The same ob- 
servation is applicable to the 8th and 9th Lenmias. 
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LEMMA VIII. 

40. Produce A D to any distant point d^ and draw 
dlr parallel to D B R, meeting A B and A R pro- 
4luced in b and r ; and through o describe the curve 
Kcb always similar to A C B ; then the figures 
R A B, R A C B| and RAD are always similar to 

T Khj r hcb^ and rAd; they are likewise always 
proportional to them. For RAB: rAbllRA* 
rA*::RAD: rAd; .'.RAB: RAD :.rAb 
rAd; also sector R A C B : sector r A c i : : R A* 
r A» (Lemma IV.) :: R A D : rAd; .\ R A C B 
RAD II r Acb: r Ad. Now let B move up to A, 
and ultimately coincide with it, then the Z dAb 
( = Z. D A B) will ultimately vanish ; •'• the three 
continually finite A'rAb, rAcby and rAd will 
ultimately coincide with each other, and consequent- 
ly be ultimately similar and equal to each other ; /• 
also the vanishing a* R A B, R A C B, and RAD, 
which are always proportional to the former, will 
also be ultimately similar and equal to each other. 

Note to Lemma 8. 

41. It is plain, from the words ^^triangula tria 
semper Jinita^^ in this Lemma, that R B D is suppo- 
sed to move parallel to itself while dbr remains fix- 
ed ;. and not that R B D moves round R as a fixed 
point; for in the latter case the a" r Ab^r Acb^ 
r Ad would be ultimately infinitely great, and the 
purpose for which these last a' were introduced (see 
Art. 89) thus rendered useless. 



LEMMA IX. 

42. Produce A E to any distance point e^ and take 
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Ae : Ad :: AE: AD; draw ec^ db parallel to 
E C, D B, and let them meet the chords A C, A B 
produced in c, i; then the ^* A db, A ec being si- 
milar to A D B, A E C respectively; Ab : AB 
{llAd : AD :: Ae : AE) :: Ac : AC; /.c,*, 
will be in the curve Abe, which is similar to A B C ^ 
in the same manner during the approach of C and 
B to A, the points b, c, determined in like manner, 
will alwajTs be found in a curve similar to A B C ^ 
and because the curves Abe, A fi C are similar, the 
areas, Abd^ Aee will be similar, to the areas A B D, 
ACE respectively, and they are -'. proportional to 
each other respectively ; for ABU : Abd {II A D* 
: Arf* :: AE» : Ae») :: ACE r Aee; /. altem^ 
A B D : A C E :: A * d : A ce. To the similar 
curves ABC, Abe draw the tangent A F G/g ,- 
then a6 C and B move up to A, and ultimately co- 
incide with it, the ^ e Agis continually diminished 
and will nltimately vanish, /. the curvilinear areas 
Abd, Ace will ultimately coincide with the recti- 
linear areas AJ^d, Age; and be /. ultimately to each 
other as A rf* : A ^ ; /. also will the curvilinear 
areas A B D, ACE, which are proportional to these 
others, be also ultimately in the Ratio of A ^ : Ae* 
or of AD* : A E*. 



jNoie to Lemma 9« 

4S« It may be observed here, that the Z, which 
£ A makes with die curve, as indeed all determined 
^% and quantities of whatsoever kind in this and the 
following Sections, are supposed to be finite ; New- 
ton disclaims the use of infinitely small determinate 
quantities as unintelligible, and by the words infi- 
nitely small Z% or infinitely small quantities, he 
means variable qusmtities, wmch by a continual flux 
are decreasing without limit. 



7« 



LEMMA X. 

IntradMCtory Article to Lemma 10. 

44. If ike abscissa A B, ^ D (Fig. 28,) he as tke 
times in wMeha body, toyed by any finxte forcCy describes 
ttDiospaces; emd the ordinaies BC, D£ be as the velocities 
generated in those times ; and if AC^ be the curve traced 
out by the extremities of these ordinates, the areas ABC, 
A D £ wiU be as the spaces described. 

Let the times be divided into any number of equal 
parts A F, F G, GH, &c., and complete the paral- 
lelograms A K, F L, G M, &c. \ then if the foree be 
supposed to act only at equal intervals of time, so as 
to make the body move uniformly during the times 
A F, F G, G H, &c. with the velocities F K, GL, 
H M, &c., the spaces described in these time£k will 
be represented by the parallelograms, and the sums 
of the spaces by the sums of the parallelograms. 
Now let the intervals of time be continually dimin- 
ished, then will the force, which now acts by impul- 
ses, continually become nearer and nearer a force 
acting incessantly ; and the sums of the parallelo- 
grams, which represent the spaces, continually ap* 
proach nearer and nearer io the curvilinear areas, 
till at length, when the intervals of time are dimin- 
ished, and their number increased in infinitum, the 
force will become an incessant force, and at the same 
instant the sums of the parallelograms become = the 
curvilinear areas (Lem. II.) ; .*. under the circum- 
stances mentioned in the Proposition, the spaces will 
be accurately measured by the curvilinear areas. 

We may observe that in this, and Propositions of 
the like nature^ a false hypothesis is made, viz. that 
the force acts by impulses, and by consequence we 
deduce a false conclusion, viz, that the spaces are 
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rq)resented by the sums of the parellelograms ; but 
as the assumed hypothesis approaches to the true, so 
does the false conclusion approach to the true con<* 
elusion ; till at length, upon the attainment of the true 
hypothesis, we attain at the same time the true con- 
clusion : the true hypothesis and true conclusion be- 
ing respectively the limits of the assumed hypothesis, 
and the conclusion consequent upon it» 

• 

Lemma 10. 

45. Let the times be represented by the lines A D, 
A E, and the velocities generated, by the ordinates 
D B, EC, then the spaces described with these ve- 
locities will, by what has been just proved, be repre- 
sented by the areas A B D, ACE described by these 
ordinates; but the prime R°. of. these nascent areas 
A BD, A C E is (Lem. IX.) that of A D* : A E* ; 
u e. the spaces described are, in the ver}^ beginning 
of the motion, in the duplicate K°. of the times ia 
which they are described. 

Note to Lemnna 10. 

46. Observe that Newton here says the force must 
be 9k finite one ; and that it must be so is evident from 
hence, that if it wqre indefinitely sn[]all, the curve A B 
would make with A D an indefinitely small Z , and 
/• Lemma 9, where this Z is supposed j^mV^, would 
be inapplicable. 

Lem. 10. — Cot* 1. 

. 47. Let A B and a b (Fig. 30 J be similar parts of 
similar figures described by two bodies in proportional 
times ; and let two equal forces similarly applied act 
upon the bodies, sufficient to make them move from 
B to C, and from b to c, in the time that they would 
have described A B, ab; then they will describe two 
other curves A C, « c ; and the limiting R°. of B C : 
be (which, as being the distances the bodies have 

K 
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grred firom their former counse, «r^ caUfd errors m 
iim Qofothry) will be tbiM; of the squares of the timeji^ 
in whi^h A B, a ^ wpuld^have been <}ec»crib6d« For 
B C» 6 c maj b^ ^naidered as spaces described fron^ 
siest in those times by eqpal- ferqesy and •% the lj6mm» 
ia (^pUcable U> ^enif 

Niie i& lemma I0«— C^. L 

48. ** Are nearly^ &c." — Though strictly speaks 
nig, by the spaces m^itioned in this Lemma are 
meant not any spaces actually described, however 
small they be taken» but only the limiting ratio of 
llie s^oes f yet still if B C, be be actual spaces de-* 
scribed, provided they are sufficiently small, they wiU> 
be as tiM square of the times quam prGxime, u e^ 
without any- sensible error y and thus this and the 
next Corollary are apf^ied in the 66th F^poposittoo^ 
to find the errors produced in the motioiis^ of tfae^ 
aaooDy fltc. by the attraction of the sun.^ 

Lemma 10«— Cbr. 9. 

49. Let A n, a d (Fig. 29 J represent two equal 
times, D B, db the' velocities generated In those 
liimes ; then will the spaces be represented in the two- 
eases by ADB, adb; but AD B : a(26 :: AD X 
DB ; ad x ^ ^ ultimately,^ I^DB : £{ d ultunately 
(since AD =7 ^</) ; u e. in theVery beginning of the 
motion^' space described varies as the momentary in- 

^crement c^ velocity when the time is given; but the 
velocities generated in an indefinitdy small given time^ 
are proper measures of the accelerating forces ;- **• in 
the very bminningx>f the motion, space varies as foroe^ 
when time is given ;r but (by Lemma) space varies aa^ 
T*9 when force i& given, /. when neither are giveur 
the space will, in we very beginning, of the motion^, 
wry as F X T*. 
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LEMMA XL 

ifUroductorp Articles ix> Lemma 11. 

50* Any two arcs of cur^tre lines tl>udi.;^ach otha* 
^hen the sam6 right line is the tangent of both at the 
same point; but when they are applied Upon each 
other they never pet&ctly^oincide^ unless they ftre 
similar aren of aqudl iind similar :-figtire8^ ftod the 
curvature of lines admits of an indefinite variety. 
Because the curvature is uniform in a given o, and 
may be varied at pleasure in them, by enlarging or 
diminishing their diameters, the flexure or curvature 
of circles serves for me^Lstiring that of other lines. 

5i. As of all the right lines, that can be drawn 
through a given i)oint m the arc of a curve, that is 
^ tangent which touches the arc so closely, that no 
right linexan be drawn between them; so of all the 
circles that touch it carve in any given proint, that is 
said to hove the iawe curvature with it, which touches 
it so closely that no can be drawn through the 
point of contact between them ; all other circles pass^ 
ing either withm or without them both. This is 
called the dfxurvature belonging to the point of 
contaci. The ace of this ^ cannot coincide witfi the 
arc of the curve^ but it is sufficient to denote it the 
of ciirwature thai no oiiier ]0 <2fi^ p^ss between them ; 
«s the tangent of the arc of a curve cannot coincide 
with it, ^but is apj^ied to it so that no right line can 
be drawn between them* As in all xurvilmear figures 
the position of the tangent is continually varying, so 
the curvature is continually varying in all curvilinear 
£gures, the only esccepted. As the curve is se«> 
parated from its tangent by its flexure or curvature^ 
so it is separated from its of curvature in conse^ 
quence of J:he encrease or decrease of its curvature : 
and as its curvature is greater or ksSj according as 
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it is more or less inflected from the tangent, so the 
variation of curvature is greater or less, according as 
it is more or less separated from the G of curvature. 
It is manifest that there is but one of curvature 
belonging to an arc of a curve at the same point ; for 
if there were two such circles, any circles described 
between these through that point would pass between 
the curve and of curvature, against the supposition. 
Having thus shewn what the of curvature is, it 
will be necessary to point out, in the next place, the 
method of describing it; this is done by the following 
proposition : — 

52. Let E M H (Fig, 31 ) 5c any curve, E T a tanffentat 
the pohit E, E B b a right line, making any jL loith E T ; 
T M R any straight line parallel to E B, meeting the tangent 
in T, and the curve in M ; then if the rectangle M T X T K 
be always taken = E T*, andYILl^heihe curve traced ou( 
by the point K thtts taken, and if this curve uUmatxly passes 
through B, the circle whose chord t« E B, and tangent E T, 
shcdl have the same curvature unth the curve E M H at the 
point E ; and the contact of "EM and E R shaU be always 
the closer, t/ie less the Z. is, that is contained at 1^ by the 
curve B K F, and the circle of curvature B Q E. 

Let T K meet the in R and Q ; then R T X 
TQ = ET* = MTxTK(by hypothesis) .% 
RT:MT::TK:TQ. Suppose first that BK, 
the part of the curve B K F that is next to the point 
B adjoining to it, falls without the B Q, and sup- 
pose T K, by moving parallel to itself, to approach 
to E B till it coincide with it ; then while the point K 
describes K B, T K bein^ greater than T Q, R T 
must be greater than M 1, and the arc E M of the 
curve must pass without the E R, betwixt it and 
the tangent E T ; and since any described through 
E, upon a chord less than E B touching E T, falls 
within the .E R B, it is manifest that no such 
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can pass betwixt the curve E M and E R B. Nof 
can any E r 6 described upon a chord E b greater 
than E B touching E T pass between E R and E M ; 
for let T K meet this in r and q^ then r T X T j 
= ET* = MT X TK; /. MT : rT :: Tq : 
T K, and since F K B (by hypothesis) passes through 
B so that the part of it, that is next adjoining B, 
must be within the arc bq of the Q b q'E^ it follows 
that while K describes this part of F K B, T q must 
be greater than T K ; and /. M T greater than r T. 
Therefore the arc E r of the E r 6 is without the 
curve E M, and passes betwixt it and the tangent E T. 
Hence no whatever can pass betwixt E M and ER} 
and consequently the E R B has the same curva- 
ture with EM at E. Suppose now that the part of 
the curve B K F, that is next adjoining to B, falls 
within B Q fFig* SI J; then while K describes this 
part of the curve F K B, T K being less than T Q, 
R T must be less than M T, and the arc E M must 
fall within E R ; and since any described through 
E, upon a chord greater than E B, falls without the 
E R, it is maniiest that no such can pass be- 
twixt E R and E M. Nor can any E r i describ- 
ed upon a chord E b less than E B touching E T, 
pass between E R and EM; for let T K meet this 
in r and q^ and M T being : r T 1 1 T g : T K, and 
T q being less than T K while K describes K B, M T 
must be less than r T ; and consequently the arc E r 
must fall within E M. Therefore, in either case, all 
the circles that can be described through E fall with- 
out both E R and E M, or within them both ; and 
no whatever can pass between them when the rec- 
tangle M T X T K is always = E T*, and the curve 
in which K is always found passes through B ; u e, 
the E R B and the curve E M have the same 
curvature at E, which was the first part of the pro* 
position. 

Let E m (Fig. 32J, any other curve touching E T 
in E, and/k B, another curve passing through B, 
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meet T K in m and k; and let the rectangle m T X 
T X: be likewu^ always = E T^ ; then the curvature 
of £m at Eshallbe die same as that of the ERB, 
or that of the curve E M^ by what has been demon- 
strated. Because «T X TAr, MT x TK, RT 
X T Q are equal to each other, Tm : T M :: T K 
: T* and T « : T B :: T Q : TJfc. Thereforeifthe 
Arc B k pass between B£ and B Q, the curve £ m 
must pass between E M and E R so that E m must 
have a closer contact with tliis 0, than E M has with 
it : and the less the Z is, that is formed by the curve 
F K B and the of curvature E Q B at B, the 
closer is the contact at E of the curve E M H» and 
the of curvatmre E Q B. Tims the curve B K F, 
by its intersecdon with E B, determines the curva- 
ture of E M ; and by the Z in which it cuts the 
of curvature it determines the degree of contact of 
£ M and that ; the Z B £ T and the right line 
£ T being given. 
Car. I. Since MTxTK=ETSTK=s 

ET* 

— ;-. Now let M move up to E and coincide with 

it» then will T K ultimately coincide with, and be 

equal to, E B; /• in all cases, whatever be the curve, 

the chord of the of curvature =: the ultimate value 

ET* EM* 

of ^, ' Vw^ , or =s the ultimate value of ■ .>, ■. 
M T Mi 

Cor. 2. It af^ears from the demonstration, that 
according as the arc B K &lls without or within the 
arc B Or the arc E M falls without or within the 
£ R B; that when the curve F KB cuts the E R B 
in B, the curve H M E cuts the of curvature in 
£ ; that when the curve F K B is on the same side of 
the B Q £ on both sides of B, the curve H M £, 
continued on both sides of £, is on the same side of 
the of curvature ; and that the contact of the curve 
E M H and the of curvalute is closest when the 
eurve B K touches the arc BQ in B^ the Z BET 
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being given ; but is farthest from this^ or is most open^ 

when B K touches the right line E B in B. 

Cor. B. There may be indefinite degrees of more 

and more intimate contact between a £ R B and 

a pnrve E M H* The 1st degree is when the same 

right line touches them both m the same point; and 

a contact ol this scnrt may lake place betwixt any 0, 

and any arc of any curve* The 2d is when the curve 

E M Ii and E R B have the same curvature, and 

the tangents of the curve B K F and B Q E inter-^ 

sect ea^ other at B in any assignable angle. The 

contact of the curve £ M and of curvature E R 

at E is of the S4 degree or order, and their oscula^ 

lion is of the 2dy when the curve B K F touches the 

B Q £ at B» but so as not to have the same cur* 

vature with it. The contact is of the 4th degree or 

order, and their osculation of the 3d, when the curve 

B K F has the same curvature with the B Q E at 

B» but so as that their contact is only of the 2d de** 

gree : and this gradation of more and more intimate 

contact, or of apgvosin^oa towards coincidence^ 

may be continued indefinitely ; the contact of E M 

and £ R at £ being always of an order two degrees 

closer than that ch B K and B Q at B» There i» 

also an indefinite variety comprehended under each 

order. Thus when E M and E R have the same 

curvature, the Z formed by the tangents of B K and 

B Q admits of indefinite variety, and the contact <^ 

£ M and £ R is tl^ closer the less that Z is. And 

when that Z is of the same magnitude, the contact 

of £ M and E R is the closer the greater the of 

curvature is; for since TR : TM :: TK : TQ, 

di V. R M (which subtends the Z of contact M £ R) 

:TR::KQ:TK, and .% RM : KQ::RT X 

TQ(£T*) : KT X TQ; .% whenETis given, 

KQ 

R M varies as --*- , and when K Q (or 

KT X TQ ^ 

4 K B Q) is givdni R M is Ies% in proportion as 
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the recta ngle KT X T Q, which ultimately iasr* 

ch. curv.V, is greater. When B K touches the ' 
B Q at B, it may touch it on the same or on differ- 
ent sides of their common tangent ; and the jL of 
contact K B Q may admit of the same variety with 
the Z of contact M £ R in the former case. But 
there is seldom occasion for considering these higher 
degrees of more intimate contact of the curve E M Hy 
and of curvature E R B. 

Cor. 4. The curvature is uniform in the only. 
When the curvature of E M H encreases from E to- 
wards H, and consequently corresponds to that of a 
gradually less and less, the arc E M falls within 
E K, and B K is within B Q. When the curvature 
of E M decreases from E towards H, and conse- 
quently corresponds to that of a that is gradually 
greater and greater, the arc E M falls without E R, 
and B K is without B Q. According as the curva- 
ture of £ M varies more or less, it is more or less 
unlike to the uniform curvature of a 0, the arc of 
the curve E M H separates* more or less from the arc 
of the of curvature E R B, and the Z contained 
by the tangents of B K F and B Q £ at B is greater 
or less. And thus the quality of curvature, (as it is 
called by Sir I. Newton) depends on the Z contained 
by the tangents of B K and B Q at B. 

Car. 5. Let the curve £ M H^ for example, (Fig. 
SS) be a parabola, £ B a diam^r, £ T the tangent 
at E, then because parameter X T M = £ T* = 
M T X T K, T K is always = the parameter, /. in 
this case B K is a straight line parallel to the tangent 
E T, which intersects £ B in B, so that E B is = 
that parameter. Therefore if upon the diameter of 
a parabola, a right line £ B be taken from E the ver- 
'tex of this diameter c= to its parameter, a E R B, 
described upon this right line as its chord, that touches 
tlie parabola at E, shall be the of curvature. And 
because the right line B K cuts the B Q E in B, 
imless when £ is the vertex of the figure, the parabola 
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cuts the of curvature (that case excepted) ; and 
passes within the of curvature when it is produced 
towards the vertex, but without it when produced the 
contrary way. 

Cor. 6. when E B does not meet with the curve 
F K (Fig. 34} J, but is its asymptote ; any being 
described touching £ T in £, a greater shall al- 
ways pass between it and the curve E M; and the 
greater this is, the closer shall its contact be with 
the curve E M. For since the curve F K produced 
passes without any E Q B, how great soever, that 
can be described through E, E M must always pass 
betwixt E R and .the tangent E T. This is the case 
in which the curvature is said to be infinitely small, 
(being less than that of any ) or the radius of curva- 
ture infinitely great. Of this we have an example in 
tlie vertex of the .cubical parabola ; for in that case 
E T' = T M X a* (where a* is a given square) .*. 

E'P ET* ET^ 

— =.»,but— =TK,.-.^— =TKx 

E T, hence E T X T K = the given square a* ; /. 
the curve F K. is the common hyperbola, whose 
asymptotes are E B and E T. The curvature is of 
the same kind at the vertex of any parabola, wherein 
T M is as any power of E T, whose exponent ex- 
ceeds 2 ; for F K, in all those cases, is an hyperbola, 
of which E B is an asymptote. 

Car. 7. When the curve FK fFig. 35 J passes 
through E, no can be described through E so 
small, but a less shall pass between it and the 
curve E M, and the less this is, the closer shall its 
contact vrith E M be. For since the curve F K pas- 
ses within any that can be described through E 
on the same side of E T, the arc E M is always with- 
in E R. In this case, because the curvature surpasses 
that of any 0, it is said to be infinitely great, or the^ 
tadius of curvature to be infinitely small. Of this we 
haye an example at the vertex or cuspid of the setni- 



tfubicaT parabola ; for in that case E 'P = M T*" ><J 
m, (where a \b 9l given line) /. ~- — ^ » «, and 
ET* ET* ET^ 

T K% hence a X E T = T K* ; /. F K E is the 
common parabola* whose lotus rectum = a, and which 
touches E B in £^ 

Lemma IL 

55. C»^ I. It follows, from Cor. 1. Art. 52^ that 

tf A G, drawn perpendicular to A D, and B O^ 

perpendicular to A B, intersect each other in O, the 

Bmit to A 6 is the chord of curvature A I. For bj 

similar iSi* G A : A B :: A B i BD, .-. GA =2 

AB» 

:;r-=- , and consequently their limits are eq^al ; but 

AB* , 
Hie limit of ^ is the dord of curvature (by Cor.. 

1)9 .'• also the ultimate value of A G is the chord of 
curvature, or A G ultimately = A I. The proof of 
Uie Lemma is .% evident. 

Case 2. Let B D and b d (Fig. SB J he equally in- 
clined to A D at any given Z ; draw BE, be per- 
pendiculav to A D^ then by similar a' B D : 6 c^ C * 
B E : be; i. e: in the given R°. of AB» : A ft? by 
the first caser 

Case S^ Let the Z, "at D and d (Fig. S6j be not 
equal, i. e. let B D, ft ^ converge to some point Q^ 
at a finite distance. Draw B E, ft ^ perpendicular to 
A D, then when A B, A ft are diminished without 
limit, their difference B ft will be diminished without 
limit ; .'• the Z B O ft will be diminished without 
limit; but Z. B06 = Z XdO — Z ABOi /. 
idle jL AdO =z Z ADO ultimately, and conse* 
quently B D £, ft £{ e are ultimately similar, and B D 
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::ldv:BE:be', i.e. in the ultimate B° of A B*:: 
Ai». 

Lemma IL — Car. 2. 

54, Let the sagittse E F, ef (Fig, S*7j bisecting 
the chords A B, A by meet in H ; join A rl and pro- 
t}uce it to K9 making A H = H K ; join K B, K 5 
and produce them to D, ^2. By construction A H.^ 
AK:: AF: AB, /. HF, K B or FL, BD are 
paralleL When B moves up to A, the ultimate R?. 
of E L : B D is that of A E* : A B* (by Lem.) or 
that of A F* : A B* or that of 1 1 4 (for A F, A E 
are ultimatd^ equal). But B D : F L :: A B : A F 
II 4 -: 2, •'• E L : F L ultimately II 1 : 2, consequent- 
ly F £, E L are ultimately equal, and /• E F is ulti« 
mately to B D ! ! 1 : 4. In like manner ej* is ulti- 
mately to id :: 1 : 4; .% E F : B D :: 4f/:: bd ulti- 
mately, and E F : eflZ BD :bd ultimately ; but 
B D, i if converge to a given point K, /. (Lem. Case 
S), the points B» b meeting in A, B D, 6 £? and con- 
sequently E F, ej* are ultimately as the squares of 
AB> A& 

Lemma 11. — Cor, 5. 

. 5^ By Cor. 1, A C : A c :: C B* : cV ultimatelj^ 
/JPig* SSj which is ike property of the parabola; •!• 
the curve A B, whatever be its nature, provided it be 
of finite curvature (see Schol.) may ultimately be con- 
sidered as a parabola ; •*• the curvilinear area A C B 
= f C D ultimately, and consequently the curvilinear 
Area AD B =: f C D ultimately = I of the a A D B 
ultimately, and consequently the remainder, the seg- 
ment AB, =iAADB ultimately ; but a A D B 
varies as A D^ or A B' ultimately (Cor. 4) ; .*. also 
the curvilinear area A D B and segment A B vary as 
A I>5 or A B' ultimately. 
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SCHOLIUM. 



Introductory Articles to Scholium, 

56. Prop. 1. Let there be two curves of any kind (Fig. 
39) A B, A b, aud suppose the 2. of contact B A D m ^ 
'^st case to be indefinitely greater than the /L (^contact b A D 
in the other ; then shaU the curvature of A^ be indefinitely 
greater than that of Kh ; and conversely. 

Let A I, A I be the diameters of curvature of A B 

AD* 

and Aft respectively; then A I = "grr ultimately, 

AD* 
and A I = ~;"7r ultimately, /. A I : A f in the ul- 

AD* AD* , ^. 

timate R*^. of >: fr : , -^ , u e. in the ultimate R^. 

of ft D : B D. Now the Z B A D is indefinitely 

S 'eater than ft A D by hypothesis, but the ultimate 
^ of B D : ft D is the same with that of those Z% 
for they ultimately measure them ; .*• ultimately B D 
is indefinitely greater than ft D ; /.A i is also in- 
definitely greater than A I ; but the curvature a 

rr^r — ;; ; .*. the curvature of A B is indefinitely 

D^ of curv^ ^ 

greater than that of A ft. 

Next let the curvature of A B be indefinitely great* 
er than that of A ft, then shall the Z B A D be in- 
definitely greater than the Z ft A D ; for as before 
A I : A /in the ultimate R^ of ft D : B D, and Ki 
is indefinitely greater than A I by hypothesis, •*. B D 
is ultimately indefinitely greater than ft D, and con- 
sequently the Z BAD indefinitely greater than the 
ZftAD. 
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57. Prop- 2. Let there he two curves A B, A b, and let 
the Z, of contact BAD hear a finite Ratio to tl\e ^ of 
contact b A D ; then if the curvature of A B he finite^ the 
curvature o^ A b wiU also he finite ; and conversely if the 
curvature of A. B, A b 5e hoihfimtey the jL* of contact BAD, 
b A D unU he to each cfther in a finite JRatio* 

For, as before, A I : A i in the ultimate R**. of J D 
: B D ; but ft D : B D ultimately in a finite R^ 
by hypothesis, .'• A I : A / in a finite R^., but A I is 
finite, .'• also A ris, and consequently curvature of 
A ft is finite* 

Asain A I : A i in the ultimate R°. of ft D : B D ; 
but tne R''. of A I : Aiis finite by hypothesis /. the 
ultimate R°. of ft D : B D, and consequently that of 
the Zs. of contact, is finite. 

Cor. 1. Let A B be any ©, then since the curva- 
ture of a is always finite, it is manifest that the 
curvature of all curves, whose Z" of contact bear a 
finite R^. to that of this ; or, which is the same 
thing, the subtenses of whose Z!lof contact bear ulti- 
mately a finite R^ to that of this 0, will be finite; 
and if the limiting R^. of the subtenses of the Z of 
contact of the curve and be not only finite, but 
also a R^« of equality, then the curve and have the 
sarne curvature at the point of contact. 

Cor. 2. Since AI: A ill r=r~ : . -, the curva- 

15 D ft D 

tures of two curves are to each other as the Z" of 
contact, or as the ultimate subtetises of these angles. 

Scholium. ^ 

58. In the above Lemma, the Z of contact is sup- 
posed to bear a finite R^. to that of a 0, i. e. the 
curvature is supposed to be neither indefinitely great, 
nor indefinitely small (Cor. 1. Art. 57.) This is 
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manifest from the Lemma itself which was proved on 
the supposition that the diameters A G, A ^ had a 
limit, viz. A I ; i. e. that the curve had a of curva- 
ture. To shew, however, this in another point cS 
view, it may be worth while to prove (1) That, con- 
versely to the Lemma, if B D vary as A D* ulti- 
mately, the curvature of A B is finite. (2) Hiat if 
B D ultimately vary in any other R^* greater or less 
than that of A D^, the curvature is not finite, but in- 
finitely small or infinitely great. (8) That there may 
be curves, whose curvatures are indefinitely great or 
indefinitely small, and again curves, whose curvatures 
are indefinitely greater or indefinitely smaller than 
that of those others, and so without end ; and thus 
that the Z of contact BAD mav be divided into a 
series of Z*, each of which is indefinitely greater or 
indefinitely smaller than the one which is adjacent to 
it, and that this division may be continued ^/n^ limite. 

(1) Let A E V (Fig. 4o) be any 0, and A B the 

<;urve, then since B D ultimately varies as A D* (by 

AD* 
hypothesis) it ultimately s= (where tf is a 

proper constant quantity), but ED ultimately =: 

AD* 

—— , :. the ultimate R^ of B D : ED = that of 
A V 

AD» AD» 

: T-^r = t^at of A V : tf , whidi last R**. is 

a A V 

always finite, whatever be the value of A V jH'ovided 
. it be finite, and •% the ultimate R^ of B D : ED is 
finite, and .'. the curvature of A B is finite, (by Cor. 
1, Art 57.) 

(2) Let B D (Fig. 41.^ ultimately vary in any R^ 
^eater, than that of A D*, for instance A D^ then 

„^ . AD3 

B D ultimately = - — — (where a is a proper con- 

/«tant quantity), also as before £ D ultimately sr 
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AI)* „^ „;, ADJ AD* ,. , . 
-r-r^, .*. B D : E D : : — ~ : -r-;^ ultunately, i. e. 



a» 






A D: — ultunately, but in the ultimate state 
A D is indefinitely less than -r-v' ^^^^^^'^ ^ ^^ 

JjL V 

value of A y provided it be finite, /• B D is ultimate* 
] y indefinitely less than £ D ; and .*• the curvature of 
A B is indefinitely small, (by Art 56.) u e, no Q 
however great, can pass between the curve A B and 
tangent A D, as appeared also fi:om Cor. 6, Art. 52. 
And the same may be shewn when B D ultimately 
varies as A I>, A D^ A D^ A D", where n (pro- 
vided it be greater than 2) may be any N®. whatever, 
whole or fractional. 

Next let B D (Fig. Wj ultiiftately vary in any 

R^. less than that of A ]>, for instance A D^> then 

A D^ A D^ 

B D ultimately = — j- , /. BD : ED :: — ^- 

AD* AV i 

J ^ ultimately, i. e. 1 1 — j- : A D* ukimatriy ; 

but in the ultimate state, A D^ is indefinitely less 

AV 

than — T-, whatever be the value of A V provided it 

be finite; /. £ D is ultimately indefinitely less thap 
BD, and •*• the curvature of A B is indefinitely great ; 
i, e. there can be no 0, however small, which does not 
pass without the curve (by Art. SQ)i as appeared also 
from Cor. 7, Ait. 52. And the same may be shewn 

when B D ultimately varies as A D"'' A D^' A D '^ 

AD**, where n (provided it be less than 2) may 

be any fractional N**. whatever. 

(8) (j) Let A P (Fig. 42j be a curve, such that 
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D P ultimately varies as A D', then, as we have seea 
above, the curvature of A P is indefinitely small. 
(jj) Again, let A C be another curve, such that 

* Al> 

CD ultimately varies as AD* = ultimately — i— , 

AD3 AD* m^ 

:. PD : CD :: — — : — r- :: — : A D ulti- 

ar fnr (T 

mately, but A D is ultimately indefinitely less than 

— ^ /.CD is ultimately indefimtely less than P D, 

or curvature of A C is indefinitely less than that of 
A P, which is indefinitely small. And in the very 
same manner, if the subtense ultimately varies as 
AD*, AD^, 8m;., we shall have a series of ^» of 
contact going on in infinitum; each of which is inde- 
finitely less tnan the preceding. Also between any 
two of these Z' there may be mserted a series of in- 
termediate Z' going on in infinitum, any one of 
which is indefinitely less than the preceding. For 
instance, between A D* and A D^ there may. be ixie- 

serted the series A DX' A Da"' A D*' A D*' AD^*- 

A D 4 ' A DV &c. &c. And again, between any 
two Z* of this series, there may be inserted a new 
series of intermediate Zs differing from each other 
by infinite intervals, and so on wiuiout limit. 

Next (j) let A E be a curve, such that E D .ultl- 

3 

mately varies as ADs) then, as has been before 
shewn, the curvature of A E is indefinitely great. 
(jj^) Again, let A F be another curve, such that 

F D ultimately varies as A D"* = ultimately, 

Jl J. 

S 8 •^ 

thenFD : ED ;; A D .AD . « . a D' uU 
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timately, but A D^ is ultimately indefinitely less than 

— ; •*• ultimately F D is indefinitely greater than 

v? 

E D, or curvature of A F is indefinitely greater than 

that of A E, which is indefinitely great. And in the 

5 

very saipe manner, if the subtense varies as A D^, 

A D^, A I>', A D , (» beiM any &aetienal num- 
ber whatever less than 2) we snail have a series of 
Z' of contact running on in infinitum, each of which 
is indefinitely greater than the one which precedes it. 
<< Neque novit natura limitem/' 
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NOTES TO SECTION Uv . 



Introductiory Articles to Section IL 

59. Defn. « Whatever tends constantly to solicitor 
impel a body towards a fixed point or centre, is call- 
ed a centripetal forced 

The centripetal force, which is found to exist in 
the sun and planets, is, by way of distinction, called 
gravity^ or \he force of gravity. 

60. The word gravity is used in. three different 
senses, or rather it is spoken of as being greater or 
less in reference to three different measures. As (1) 
we may say for instance that the gravity of the earth,. 
at the distance of one mile from its surrace, is greater 
than the gravity of the earth, at the distance of 1000 
miles frcHn its surface. By this proposition we mean« 
that the velocity uniformly generated in a given time, 
in a body at one mile's distance from the earth's sur- 
fece, is greater than the velocity uniformly generated 
in the same given time, at the distance of 1000 miles 
from it. The word, when used in this sense, is call- 
ed the accelerating force of gravity ; and, in general, 
when we speak of the force of gravity at different dis- 
tances from the same attracting body, the accelerating 
force of gravity is always understood. Hence the 
following definition. < When the velocity uniformly 
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produced in a given time is the measure by which 
^avity is said to be greater or less ; then it is called 
the accelerating force of gravity* 

This accelerating force of gravity is in all cases 
found to be invariably the same at equal distances 
from the centre of the same attracting body, and to 
vary according to some regular law of the distance 
from that centre; and hence it is, that the variation 
of this force is usually expressed in terms of the dis- 
tance from the centre of the attracting body-; for in- 
stance, when it is said that gravity varies as the «'* 
power of the distance, the expression denotes that 
the accelerating force of gravity (meiwsured by the 
velocity uniformly generated in a given time) in- 
creases or decreases as the t^* power of the distance 
from the centre increases or decreases ; and F oc D 
is called the law of the accelerating force. 

(2) Again, we may say that the gravity exerted 
upon a cubic inch of gold is greater than that upon a 
cubic inch of cork. Here we no longer refer to the 
same measure as before, but mean by the Prop, that 
the quantity ofmotion^ uniformly generated in a given 
time in the gold, is greater than tnat uniformly gene- 
rated in the same time in the cork, when placed at an 
equal distance from tlie attracting body's centre ; or, 
in other words, that the weight of the gold is greater 
than the weight of the cork. The word, when used 
in this second sense* is called the motive force of gra* 
vity, and as, when speaking of gravity at different 
distances from the centre of the same attracting body, 
we mean the accelerating force of gravity ; so, when 
speaking of the gravity exerted upon different bodies 
at the same distance, the motive force of gravity 19 
to be understood. Hence the following definition. 
* When gravity is considered as greater or less in 
proportion to the quantity of motion it uniformly pro- 
duces in a given time, tlien it is called the mQtivf 
force of gravity! 

The only difference then betwixt the accelerating 



9» 

and motive force of ^av;ty is this, that inasmuch as 
gravity produces bow velocity and momentum, we 
call it one or the other, according, as ibr the sake of 
convenience, the velocity or momentum is taken to 
be the measure of it. 

(S) Lastly, we frequently speak of the gravity of 
difierent attracting bodies, as when we say that the 
gravity of the eartti is greater than the gravity of the 
moon. By this Prop, it is meant that the accelerat- 
ing force of the eartn, at a given distance from its 
centre, is greater than the accelerating force of the 
moon at we ^ame given distance from its centre* 
The word, when u&ed in this last sense, is called the 
absolute force of gravity; and when the gravity of 
difi&rent attnicting bodies is spoken o^ the absolute 
force of gravity {measured in the manner above de<» 
ficribed) is alw^s understood. Hence the following 
definition. * When gravity is considered as greater 
or lesSf in reference to the efficacy of the cause which 
produces it, then it is. called the absolute force ofgra* 
vity! 

61. The accdertOing forceSy acting upon bodies^ at differ^ 
enZ distances from different centres of force, are as the {thso- 
lute forces, and the law of the force joinMy ; i. e. if^ and f 
Ttfresent the absolute forces, D and I the two distances, and 
$he law of the force he /Ae direct vf^ pamr of ths distcmee $ 
F;f;:* X D» ; p X S». 

For if the distances of the two bodies from their 
respective centres be the same, the accelerating forces 
are the same with the absolute forces, u e. if D = 5 ; 
T ifll ^ : p; and if the absolute fences be the same, 
/. I?, if * = p 5 F : y X D* : ^ ; /. when both the 
absolute forces and distances are different, F ; y I ' 
4> X D« : p X 2». 

62. Cor. Ifjl f>, and S = 1 ; F will be represented 
by 4» X D", or by the absolute force and the law of 
the force. 
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PROPvDSITION I. 

•I 

Not^ to Prop. L 

63. Since (Fig. 43yl the a' S A B, S B c, S c d, 
&c. are always equal to each other, and to the a' 
SAB, SBC, S C D, &c, the whole S A B d is 
equal to the whole polygon S A B C D, and their 
limits will be equal ; but the limiting position of A B (2 
is that of a tangent at A, and the limit of the poly- 
gon S A B C D is the curvilinear area S A B C D ; 
if /. A d (Fig. 4f^J be the space described in the taii- 
gent with the velocity at A continued uniform, in the 
ttBie that the body describes A D with a variable ve- 
locity, the area SAd will be equal to the area SAD. 

Note to Prep. l^^—Cor. 1. 

64. If the areas described in a given time are not 
equal, i. e. if bodies move in different orbits, the bases 
of the A% which in all cases represent the velocities, 
will be as those a' directly, and the perpendiculars 
upon the bases inversely, i. e. by taking the limiting 
R% the velocities of bodies revolving in different or- 
bits are at any points of the orbits universally as the 
areas described in a given time directly, and the per- 

1)endiculars upon the tangents to those points inverse- 
y. Hence, if the time be denominated 1, V = A B, 

^ ^ ^ 2SAB ,^ 2a , 

but A B = , .*. V = — where a = area de- 

perp. p 

scribed in a given time, and p = peipendicular. 

Prop. 1— Cor. 2. 

65. Suppose first the body to describe uniformly 
the chords themselves A B, B C ; join A V, then 
since C V is := and parallel to B r, it is also = and 
parallel to A B ; .*. B V, which passes through 
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the centre S, is the diagonal of the parallelogram 
A B C V ; now since the position of B V will not be 
altered by the magnitudes of ^ B, aod B C, let them 
be diminished in infinitum, tl^en will they ultimately 
coincide with the chords of two arcs successively de- 
scribed in equal times (when those arcs are diminish- 
ed in infinitum), and B V, whicJh always passes through 
the centre, will ultimately coincide with the diagonal 
of the parallelogram formed by those chords. 

Prop. 1*— Cor. 3. 

66. If the body actually moved over A B, B C ; 
D E, E F, &c. and the force acted impulsively, the 
force at B would be to the force at E accurately as 
B V to EZ, they being the uniform effects of the 
force at those points ; but if the force act incessantLy^ 
and consequently A B, B C ; D E, E F be diminish- 
ed in infinitum, the force at B will be to the force at 
E in the ultimate R°. of B V : E Z, i. e. as in the 
last Cor. in the ultimate R°. of the diagonals of the 
parallelograms formed by the chords of arcs succes- 
sively described in equal times. 

Prop. \^^-^Car, 4. 

67. Draw the diagonals C A, D F, which will bisect 
B V, E Z in »j and w, then (Cor. 3) P^ at B : F<^« 
at E in the ultimate R°. of B V : E Z or in the ulti- 
mate R^. of Bm : En; but the ultimate magnitudes 
and positions of B m, E 72 are those of the sagittae of 
two arcs ABC, D E F described in equal times, 
which converge to the centre S, and bisect the chords 
AC, .DF when these arcs are dimfaiisfaed in infi- 
nitum. 

Prop. 1. — Cor. 5. 

68. The parabolic arc described by a body faUing 
obliquely at the earth's surface may be deduced in 
the same manner from the polygonal motion, only in 
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this case the sagittse will be equal and parallel to each 
other ; these sagittse may, as in the former case, be 
proved to be measures of the force, u e, of the force 
of gravity at the earth's sur&ce ; hence the force of a 
body moving in any curve will be to the force of gra^ 
yity.in the ultimate R^. of the sagittae of the arcs de- 
scribed in equal times in the two cases. Now the 
sagltta of the parabolic arc described in a very small 
time, as one second, is known by experiment in feet; 
if /. we can find the sagitta of the arc of any other 
curve described in the same small time in feet, we 
can make a direct comparison between the centripe* 
tal force in the curve and that of gravity. 



PROPOSITION II. 

69. Let us first suppose that the body desrcribes 
the polygon A B C D F formed by the chords of this 
curve, and that it is deflected only at the Z" B, C, 
D, &c. ; then since B c = A B, the body, if not act- 
ed upon by any force, would at the end of the second 
portion of time be found in c, having described B^; 
but it is really found in C at thfit time, having de- 
scribed B C ; c C •'. which completes the a B C c 
must represent the quantity and direction of the force 
acting at B, since it is the motion which, when com- 
bined with B c, produces B C the real motion ; i. e. 
the force at B must act in a direction parallel to c C ; 
but since SBC (= SAB) = SBc, Ccand S B 
are parallel, /• force at B acts in direction B S; and 
it may be shewn in like manner, that the force at C^ 
D, E, &c. is directed to the same point S. Now let 
the sides of this polygon be diminished and their N^. 
increased ad infmitum^ in which case the force acts 
incessantly, and the body describes a curve line; the 



96 

demonstntfioo still remains the same, sinoe it did not 
at all depend upon the magnitudes of A B» B C^ &&» 

70. Let SAB, SBr (Fig. ^6) be two equal A* 
as in the Prop. ; draw e D pandld to B 8, then if 
8 B C be greater than SAB, f. e. if the description 
of the areas be accelerated, the Tertex of S B C most 
fell without ^ D, .*• if c C be joined, and B F be drawn 
parallel to it, the centre of force 8 will be m B F^ 
and /• must have moyed up from S into that line, or 
it has declined towards that quarter towards whiefa 
the body is going; and in tne very same manner 
when the description of the areas is retarded, the ver-^ 
tex of the a will fidl within c D, or the force will 
decline to the other side of S, i. e. in antecede&tia. 



Observations on the two last Propositions* 

On Pofyffonal and Curvilinear Motions. 

71. Let A B C D (Fig. 46^ be a polygcm described 
by a body round S, and suf^ose the stra^it lines A B, 
B C, C I), &a to be descnbed in the sameindefinitdy 
small time T. Now of this motion of a bo^ in a 
polygon, it may be obserred, (1) That the fbroe acts 
only by impulses, which succeed each odier after 
equal intervals, viz. when the body is at the points B, 
C, D, &C., and consequently that the uniform motion 
of the body in any side of the polygon, as B C, is 
compounded of two uniform motions; one which 
would can^ it in the original direction which it had 
at B, via. dirough BE ( ss A B) in the aiven tkne 
T; and the other, which would miiform^ carry it 
through £ C, paralld to B S^ ia the same time T* 
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(2) Thait this uniform velocity towards the centre is 
generated the moment the body arrives at B, by the 
instantaneous impulse of the force, and is just equal 
to that which a body would acquire by feilling from 
rest in the riven time T, by the uniform action of the 
same lorce. 

Now let us, in the ne^Ct place, suppose the body to 
describe the curve A B C D, and to be found in the 
points A, B, C, D, &c. iii the same ins(tantis of time 
that the body in the polygon was. ITien th^ body, 
li^rhen at B, will no longer have the direction B £ as 
in the polygon, but the direction B G, which is a 
tangent to the curve at B ; since then, if the force had 
not acted, the body would have been found in B G, 
but is really found in C ; it is evident that G C must 
be the space through which the force has drawn the 
body in the given time T ; which line G C, since the 
force in the indefinitely small time T wiH not change 
its direction, must coincide in position with E C* 
Now it will be shewn, ;Art. 78, that C A ultimately 
= 2 C L, and that B G is parallel to C L ; /. C A 
ultimately = 2 B G, and /. E C ultimately = 2 G C ; 
that is, the deflection in the polygonal motion is 
ultimately jiist double the contemporaneous deflec- 
tion in the curvilinear. 

This diflerence in the deflection is what constitutes 
the chief distinction betwixt a polygonal and curvi- 
linear motion; and a very little consideration will 
shew that it is just what ou^t to take place, from the 
difference of the hypotheses in the two cases. For 
since curvilinear motion is a case o( continued deflec- 
tion, the velocity towards the centre, in any one in- 
definitely small portion of time, is a variable Velocity 
beginning from nothing: whereas in the polygonal 
motion it is the velocity so acquired continued uniform 
for the same time ; consequently, since the force for 
the indefinitely small time T will be constant, the 
space described in the former case ought to be only 
half what is described in the latter. Hence it is per- 

N 
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fectly legitimate to reason from a polygonal to a cur- 
vilinear motion, and the only difference between them 
is this : that as in the curvilinear motion the force 
acts incessantly, so, to make up for this, there is a 
proper corresponding diminution in the space through 
which it has to draw the revolving body. 

Cor. 1. Hence the force is measured, both- in the 
polygonal and curvilinear motion, by the same quan- 
tity, viz. by the ultimate value of £ C or 2 G C ; for 
in the former case E C bein^ the space uniformly de- 
scribed by the action of the force in the given time in 
which B E is described, is a proper measure of the 
intensity of that force ; and, in the latter case,, since 
G C is a space freely described from rest in the same 

Siven time, 2 G C will be a measure of the fluxion of 
le velocity uniformly generated in that time, or a 
measure of the force.. 

Cor. 2. Let S B = j^, then G C bemg the deflec- 
tion of the curve from the tangent ultimately = ^ tPt/f 
.*. force in curve (a 2 G C) a cPy. 

Cor. 5. Though the force^ in the curve is prqperly 
mea^red by imce the subtense of the arc described 
m an indennitely small given time; vet when the 
forces to be compared together, are all computed in 
the same way, it matters not whether we take the 
subtenses, (as JSewton generally does,, see Prop. 1, 
Cor. 4) or their doubles, as the measures of them ; 
the R^. being the same in both cases. . Nevertheless,, 
when the forces so found are to be compared with 
others derived from a fiuxional calculus, (which has 
always a reference to the polygon) it is absolutely ne- 
cessary to take the double subtense for the measure. 
of the force* 



PROPOSITION IV. 
72. Since die bodies (Fig. 47^ move equably in the 



99 

<0% equal areas will in each case be described in equd 
times; consequently equal sectors or areas will be>de- 
"scribed round the centres S, s in equal times ; /. the 
centripetal forces tend to the centres of the ©■. Again 
let B A £, ba Cy be two arcs described in the same 
indefinitely small time, then AC, a c, which bisect 
the chords and tend to the centres of the s will be 
the sagittae of tl)ese indefinitely small arcs ; .'. P* at A 
: P* at a in the ultimate R^ of A C : a r, or of 

chord A B^* ch. a bV ar^ A B)^ arcabY 

or of 



A G ' a g AG " ag 

{Lem. 7). Now let A F, aj*, be any two arcs de- 
scribed in equal times; then, since the motions are 
uniform, A B : abi: A F : af, />.F at A; F atg :: 
arc A B> arc a bY ^ arc A Fl* arc a/Y 






AG ' a g '* AS ' as 

73. If the absolute forces be different, -the expres- 
sion for the force is die same ; for the accelerating 
force is in all cases proportional to the subtense of the 
arc described in an indefinitely small given time. 

J^rcp. 4« — Cor, 2. 

74. Let F andy be the Centripetal forces of bodies 
describing different 0", V aiKl v their velocities, P 
and p their periodic times; C and c the circum- 
ferences of the ©•, R and r their radii ; then since 
in .0\1 cases of uniform motioti, velocity « space 

e c 

direcdy and time inversely, Y ; vl' — : — •: (since 

. .. R ^' 
the circumferences of 0* are as their radii) — : — , 

P p 

R» 7^ V* w» 

/. V* •: 0* :: ^57 : — ; lience F :/ :: — : — :: 

MT pr IV ^ 
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NoU to Pnyp. ^.^^Ctyr. 7. 

75. Let p = absolute force, and the law of th<e 

force be "^^^sr, 5 ^^^ ^ bodies revolve round different 

1 
centres, accelerating force will (Art. 61) a - ^p^, , 

/. P a — r and V a z—-:. 

Introductory Artides to Prop. 4.*-^Cbr. 8. 

76. Let P Q E be any curve (Figs. 48 and 49 J!, 
and S any point within it; take any point 5, and from 
it draw any line sp ; suppose the radius vector S P of 
the curve P Q £ to revolve round S, and at the same 
time let the line sp begin to revolve round ^, with an 
angular velocity always equal to that of S P, and so 
UtiBi sp may always be to S P in a given R^; tbei) 
will the curve, traced out by p^ be similar to the curve 
P Q E (Art 27). The points S, 5, are called points 
similarly situated; and if ^'^ p s q, p s c, &c. = Z' 
P S Q, P S C, &c. respectively, then p^ y, c, &c., and 
P, Q, C, &C., are called similar points ; sp, sq, sc, 
&c., and S P, S Q, S C, &c. similar or homologous 
lines ; pq, pc, qCf &c., and P Q, P C, Q C, &c. si* 
milar or homologous arcs ; and psq^psc^ qsc^ &c., 
and P S Q, P S C, Q S C, &c. similar areas of th^ 
similar figures respectively. 

77. From the definition of similar figures, it fol- 
lows, ( I ) That if S, s be points similarly situated, the 
chords of similar arcs PQ, ^y, make equal Z' with 
the radius vectors SV, sp; and are to each other in 
a given R°. For since P S : SQ il ps : sq^ and 
Z P S Q = Z, psqj .'. A" P S Q, p s g^ are similar ; 
.-. Z QPS = Z qps, and FQ: pq'.lFS : ps 
in a given R^ (2) That the tangents to similar 



101 

points P» py make equal Z^ with the radius yectors 
to those points ; for Z S P Q always = Z, spq by 
the first case, /.they are ultimately ^qual; but these 
Z* are ultimately the Z* between the tangents and 
the radii, .-. Z S P R = Z *y r. (3) That simUar 
arcs PE, pe, as also similar areas PSE, pse, of 
similar figures are to each Other in a given R^. ; for 
let the similar arcs P E, j? e, be divided into the same 
number of similar wrcs P Q, QC ipq^ qcy &c., and 
draw the chords ; then, by the first case, these chords 
are to one another in a given R^., viz. in the R^. of 
SP : sp; consequently the sums of the chords are in 
thb same giveA U^ ; and since this is always the case, 
they are also ultimately in this given R®. Hence,. 
Cor. Lem. IV., the arc P E : the similar arc pe in 
that given R^. ; u e. similar curves, or similar arcs of 
similar curves, are to one another as any similar or 
homologous radius vectors. And in the same manner, 
by dividing the similar areas into similar parts, we 
have the areas of similar curves, or of similar parts 
of similar curves to one anotiier in a given R°., viz. in 
the duplicate R^. of any homok^ous radius vectors, 
(4?) That the similarly situated chords of curvature 
P V, jt? v to similar points of similar figures, are as 
the radius vectors to those points, or as any other 
homologous lines in the figures. For draw tne sub- 
tenses Q R, y r of the evanescent arcs P Q, p y parallel 
to S P, 5 j9 ; then, by the nature of the © of curva- 
ture, P V : PQ::PQ : QR; mApvipqiipqi 

qv; but by siinilar a*PQ: QR ••F?-? ^> •*• 
PV:jp»::PQ:|?g'i:SP: sp^ or as any homolo- 
gous lines in the figures. 

78. Let A P Q be any arc, {Tig. 48) A Q the 
chord' of that arc ; S the centre of force. Draw the 
radius S P bisecting tlie chord A Q, then will P N* 
be the sagitta of the arc A P Q at the point P where 
S N meets the cul-ve ; draw the tangent B R, and the 
subtenses Q R and A B parallel to S P, and let P V 
be the jchord of curvatCire at the point P ; this being 
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premised, it follows (1) That this sagitta will uldmate- 
ly bisect the arc A P Q, or that the point P is ulti- 
mately in the middle of the arc A P Q : for since Q N 
= N A, and that Q N ultimately = arc Q P^ and 
A N ultimately = arc A P, .'. arc Q P ultimately = 
arc A P. (2) That tlie chord A N Q is ultimately par- 
allel to the tangent B R drawn to the curve at the 
point P ; for A B is ultimately to Q R as P B* or 
P A* to P R» or P Q», I. e. in a R° of equality ; they 
are also parallel, /• A Q and B R are also ultimately 
parallel. (S) That the evanescent subtense Q R or 
A B is ultimately = to the sagitta P N, which ulti- 
mately bisects the arc A P Q; for R N is ultimate^ 
a parallelogram, /• Q R and P N are ultimately 
equal. 

Prop, 4- — Cfer. 6. 

79. Let APE, ape (Figs. 48 and 49^ be two 
similar figures, having the centres of force S, s similar- 
ly situated in them, P and p similar points of the or- 
bit, A P Q, a^ 9 two arcs described in the same time, 
whose middle points are ultimately P and jn, join S P, 
sp ; then since P N, jo » ultimately bisect the arcs 
A P Q, apq^ they are ultimately the sagitta? of those 
arcs (Art. 78), •'• centi'ipetal force in P : centripetal 
force in p in the ultimate R°. of P N : jp » ; or of 

Q R : g r (Art. 78), or of .^ ^ ^r- : . or by 

y \ pv 

reason of similar figure% (Art. 77) in the ultimate R*. 

QPA)» ^ys\* 

of — p o • ' 

PS ps 

Hence the centripetal forces in these similar points 
are also as the squares of 4he velocities directly, and 
the distances inversely ; for the velocities are in the 
ultimate R**. of the arcs A P Q, ap g^ described in the 
liame time. 

Again, the centripetal forces at those similar points 
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are also as the distances directly, and the squares oT 
the periodic tunes inversely. For let A P Q, a jj j 
no longer represent evanescent arcs described in the 
same time^ but similar evanescent particles of the 
similar curves, described in the indefinitely small 
times T and t ; also let V and v represent the velo- 
cities at P and p ; A and a the whole areas of the 
similar figures; P and p the periodic times; then 
since A P Q, a ^j^ may be considered as described 

APQ apq SP sp 
uniformly, V : v II — rf — : -y^ • ' "^'f^ • "y 

(by Art 77); but F at P : F at ;> :: g^- : ■., 

SP sp 
:. Fat P : F at ^ :: -=^ : — -. But since T: P 

: : S Q A :. A and t : pll sqa: a and that S Q A 

: sqa ll A : a (Art, 77), /. T : ^ :: F:p; hence F 

•SP sp SP sp 
at P : F at 1, :: -^ : -- :: -^ •^. 

V* D . . 

Hence since F a -^~ and es :p^ in similar fig- 

ures, the preceding Cors. will apply to bodies de- 
scribing similar parts of similar curves, having their 
centres of force similarly situated; for Ex. if the peri- 
odic time be as the n<A power of any homologous 
r adius v ectors, the forces will be reciprocally as the 

2ii— 1*** power of any homologous radius vectors, and 
the contrary; and note, when distances are mention- 
ed, the similar or homologous distances are always 
understood. 

Prep, 4f^^»Car. 9. 

80. Let P A fFig. 50 J be an arc.described in any 
time, P B the space fallen through in the same time 
by the force at P continued uniform ; take P Q an 
evanescent arc, Q R the subtense parallel to P S, and 
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cdttplete theparaQdomm; then the evanescent sub-' 

tense Q R or P'C is the space fallen through by the 

centripetal force, in the same time that the arc P Q 

is described (Art. 71). Let T and t represent the 

times of falling through P B and P C, or of describe 

ing the arcs FA, P Q ; then since S varies as T*, 

when F is given, PC: PB r: ^* : T» :: PQ* t P A* 

PQ» PA* , ^^ PQ» ^^, PA» 

but P C = r—:, /. P B.*= 



• ■ 



PG ' PG' PG' '•* "" PG 

andPB:PA::PA: PG. 



Deductions from Prop. 4 and its Cors. 

81# Stgapose a body to revolve uniformhf in a circle; re' 
quired the Mpace ihrtmffh which it vmstfaUy when aisled tpoH 
hy the centripetal force at the circuniference ooi^Hitu^ nm" 
fcroiy in order to acquire the velocity it has in the circle* 

Let P B fFig. 50 J = required space, and suppose 

P A to be the arc uniformly described in the time of 

the body's falling through PB, then PA = 2 PB; 

but (Cor. 9) PB : PA :: PA : PGj i.e. PB 

PS 
:2PB::2PB:PGor2PS, .VPB = — =r 

2 

^radius. 

82.* Bequired the same in any curve. 

LetP O (Fig. 48^ = required space, P V = chord 
of curvatufre, P Q an indefinitely small arc, and Q R 
(r= P N) the subtense of the Z of contact ; then since 
the velocities are us the spapes unifbrmhf described in 
the same time^ Velocity in curve : velocity acquired 
through P N : ; P,Q : 2 P N, /. 
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V* in curve : V* through P N :: P Q* : 4 P N^; but 
V* thro'PN; V^ thro? PO, orVMn curve:: PN: PO 

.% P Q* X P N = 4 P N» X P O, and PO = 

PQ* PV 

TpnK =8 -T" ^ i of chord of curvature. 

Or thus, by Art. 96, S = Yp *, but V» ss F X 
J P V, .*. S — 2 p i= ^ • 

83. Bequired the vdociiy €md periodic time cfa hody rt* 
voknnff in a circle at the eartKi swrfcue* 

Let V =^ velocity required, measured by the arc 

described in one second, r tz radius of the earth, 

gr =s 32J feet; then in general V* = 2 F S = 

r 
in this case 2g S ±: (Art 81) 2g X ^ — ^r, .•. V 

ziz ^ gr tz feet per second. 

Again, to find the periodic time, put «* =: S. 1 4 1 59 &c. 

2 ^ r 
.•.whole circumference = 2 «• r .*. P. T = = 

2flr r /ir 

-"7=. =s * I — in seconds, r being expressed in feet. 



* The following are the formuls applicable to the rectilinear 
motion of bodies acted upon by constant or variable forces ; de- 
duced upon the supposition that gravity is represented by g » 
38^ feety its effect produced in l''. 

. 'Force ctmstant* Force variable, 

V ss Ft d9 ^ Fit 

^ f« d ^ :=i Vdt 

"2 i> dv sss Fds 

iF 



10^ 

Cor. ). Th^ T^lqci^ in miles pz 4^99089 per se^ 
cpnd, and the P. T =? ^^ ?4"^. ?7^ * 

Cor. 2. Hence if a body be proieefed from tny 
point P on the earth's surface in a noriaontal direcr 

tion with the velocity ot ^ g r f6et in a seeoad» it 
will revolve as a secondary round the earth ; for sup- 
pose a body so to revolve, th^ at the point P it will 
Lave the same direction, the saiae velocity, and be act- 
ed upon by the san\e force ^s the projected body, •*• 
if the revolving body continue to move round the 
earth in a 0, the projected body must also revolve 
in Ibe sam^ manner. 

Car. 3. Hence also havinc ^ven the radius of the 
circle dewibed by any reiyolvnig body* and its v^lo- 
^ity or per^ic time, we cancQWpare the centripetl^ 
forqe widi that of gravity, fox since by Prop. 4^ R 

V* ■ V* v» 

fc -g^5 ? •/ •• ~B^ ^ —^ ; call / the fonj^ of 

crravity, then will r = tbe earth's radius, and xf = 
g r, /. P : gravity :: -g- r g. 

R r 

Again, since F ij'l • -pj- : — j- ; pall J* the for<;e 

of gravity, th^n w^ll r = the earth^s radius »id f^ qp 
4 ^ r B, g r R 

-^..%F: g«vrty:: -^? j^ ::— : 

^ ; where R must be exp«8«d in fee*, and P m 

seconds. 

Cor. 4. To find w Equation for tbe force we have 

by last Cor. F : forqe of gravity 1 1 —^ : g; now let 

the force of gravity be represented by its effect pro- 
duced in a given time as V\ or by g ; then^ F : g II 

V» V* 

-:g— : g, /. F = -^- And upon tk^ san^e suppo- 
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«%oft i<^ T^ te feund thflt F dt ..^ . 

To shew the Use of the tWo last Cors. fet ns apply 
them to the solution of die following Problems. 

84. 1. Le^a bodyremlve in the circle MED (Fig. 51J| toiilh 
4i velociiy acqtdred in fatiing dirough M B o^ gravity ; rC' 
^qmred the Ratio of the centripetal force to that of gravity. 

Let V = velocity m curve, tiien V* =a 2^ X 
M B; hence since 1^ variei^ as -^^ we tate as iii 

ig-ii MB' 

first part of Corollary 3, F > gravity : : •; — z-r-- — 

: ^:;2MB: MS, 

Cor4 If the body tie inade to rfevMve uniformly in 
the © M E D by metos of a t^eight fixed to a strihjg ; 
then we shall have the tension of the string prising 
from the centrifugal force of the bodf , to the tension 
arising from the same i^eight hanging freely, \ti the 
abcfveR^pf5rMB;Ma ' 

2. Cm^im^f^fwc&ofgfamtywiJ^ihitcM/i^^ 
at the equator^ 

Let P d* time iX the tmh\ i»€f^olvhig rfeuWd its 

^nhi sec<^dsy R ^ t&diusof the'etffthhi feet; tb^ 

R 
since F vai^eft 9i» — -, We h*ve' asr in ^ f&ri of C^r. 

li, Centrifiij^ fbrte at Eqtiialor' : Forc^ df gravity I : 

P ' 4flr»* 

3. Criven the moovCs periodic Hme, and ^ radius of her 
whit; to find haw far she would fall in F supposing her 
prqjeUile motion to be destroyed. 

Let P =: moon's periodic time, R = radius of her 
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orbit, then since F varies as -^ we }»?e by Cor. 4 
T? - ^^ R . Q _ FT* 2r* B 

calsurfaee* 

The bod; at B (Fig. 52 J is retained in its orbit 
by three forces ; gravity in direction 8 A, tension of 
the string in direction B S, and centrifugal force in di- 
rection A By •*• the sides of the A S A B will repre- 
sent them ; hence oentrifugal force or F : gravity or^ 

:: A B t S A/.F = -TTT-; hence since F varies as 

• o A 

p,,wehave -^ ' ^ - 1^^ * 1^ " ^ ^ 




e g 

Co r. 1. H ence periodic time : T through 2 S A : : 

,TSA /5"SA 
« V : V :: AT : 1 :C circumference of 

: diameter. 

Cor. 2. Required the periodic time when the ten- 
sion of the string = 3 times the weight of the body. 

X^t S B = L; then will S A, by Problem^ = — , 

„ ff.AB ff.sAB , f.sAB AB 

SA L L * P» 

V 4«»SA4.«»L ,„- 

: 73-, .'. P» = = — , and P = « 

♦ «' g Sg 

'^-;; — 

»8 
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PROPOSITION VI. 

85. Let B P Q, fi 21 }, (Fig. 53 J be two indefinitely 
small arcs described in the times T, ^ ; S and s the 
centres of force; S C P, scpy the radii vectors^ which 
ultimately bisect the chords BQf bq, and /• also ul- 
timately bisect the arcs "BPQybp q^ in P and p^ (Art. 
78) ; draw the tangents P R, ^ r, and the subtenses 
Q R, jT/* parallel to S P, 5^ ; let also K P L be an 
arc described in the same time with bp q, and which 
shall be ulJimately bisected by SP; then will its 
chord K L also be ultimately bisected by S P, and 
consequently PC, P N, ^ r, are ultimately the samttas 
of the arcs B P Q, K P L, ijp y. Hence since K P L, 
bpq are arcs described in tibe same time, 

P N : ;?r :: F at P : Fat^; and by Cor. 2, Lem. II. 

PC;PN::PQ*;PL^::BPQ*;KPL*::T*;/* 

PC 
:.FC : pc :: F X T* :/x /»; andF:/::-^ 

p c 
: -r ; or the force in the middle of the arcs varies as 

/* 

saglttae of those arcs 



time^* in which they are described. 

This Prop, is general, being applicable to different 
bodies revolving m the same or different orbits, and 
round the s^me or different centres of force. 

Prep. 6^-^Car. 1. 

S6. Let P Q and p q (Fig. 54^ be two indefinite- 
ly small arcs, PR, j9r tangents at P and ^; Q R 
q r subtenses parallel to S P, s^; then Q R, y r Hre 
ultimately = the sagittae of two arcs whose middle 
points are P, p (Art. 78) or the sagittae of double the 
arcs P Q, p q\ also the time of describing 2 P Q is 



ultiinatelv proportional to the time of describing P Q; 

QR or 

hen»F«P,F.ty::55-5pQ ■■ -^^T^^ ■■ 

^^ : -^ : . (since in the same curve 

QR 
the areas are proportional to tae tunes) , :, ■. , : 

gr __ QR }r QB 

"Syjl' '" JSP. QT>* ■ iip.i«'"SF.'Qf- 

— 1!! — i. e. the oeolf ipetal fol^ iit dMfeitot points 

of the some curve, ia ia tlte ulthnale Ratio tX 
SP.QT' 

QR inversely. 



Ikeu to Prep. 6. — Cor. 1. 

SP*,QT" 

iS7. — W-g — is called a solid, because it is of three 

QT» 

dimensions; for Qp being a third proportional to 

two lines QR and QT, mostolstiltselfbealine, and 
SP* iy the product of two Unes; .'. — g-5 is 

the proiact of three fines, and is therefore analogous 
to the soKd content of a parsBelopepid, whose three 
adjacent sides are the three lines. Again, not only )S 

SP.'QT' Sp.'9^ 
the Hatic — q... - ■ : ■ a finite Ratio up- 
on the coincidence ofP and Q, Euit the terms of the 
R°. also arc always finite; for SP* is finite, also since 
the A* SPY, QNT are uMmatery similar SY' : 

OT* ON* 
SP* :: QT* : QNT:-^^ : -—g^^jbntthe 



QN* 

limit of ^p is the chord of curvature P V> a finite 

QT* 

line, .*. also the limit of "TjTd"? and consequently of 

SP.QT* . 

— Q p > ^'^ finite. 

88. The formula for the centripetal force, given in 

the above Corollary, is onljr applicable to the finding 

the variation of the force, in difierent points of the 

same orbit, and does not extend to different curves ; 

for in the proof of that Corollary, the area S P Q 

was assumed proportional to the time in which it was 

described ; which is not generally true for different 

orbits. We may, however, find a general equation 

Sag*. ^ 
for the force thus — In all cases F <x Tp}^ .% F : 

QR ig 2QR 

gravity (g) :: -^r ' -^IT •*• F = ^^ ' "^^^ 

let a = area in r\ then a : S P Q :: 1" : T 

SPQ SPxQT SP*xQT* . 

•*. T* =1 



a 2a 4«r^ 

8 a* X Q R 
F = Qp> wQx> > ^Wch is a general expression ap- 
plicable to difierent orbits round the same or difier- 
ent centres of force. If A =^ whole area of the curve, 
and P = periodic time, we have P : 1^ c: A : a = 

p- ; •'. in this section and the following we may^ if 
necessary, for 8 a*, substitute "^T* 

89. Braw S Y, S j^ fi%. &^J perpendiculur to 
the talents 9t P wdpi tbm since S P X Q T :?: 
8 Y X Q Ps being eacb ultiaiatdy double of the 
aSQP, (Oidi tbet S;. X f ^=s Sj^ XSfjpfortbe 
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same reason, .'. F. at P : F. at p in the ultimate R*. 

Aa«» to Prop. 6. — Cor. 2. 

90. For the reasons given m Art. 87, q "p 

is a solid, and it is also finite upon the coincidence 

of Q and P ; for S Y* is finite; and -Qp*- is ultimately 

= chord of curvature P V, a finite line. 

91. The above Corollary is only applicable to dif- 
ferent points of the same curve, for the reasons given 
in Art. 88 ; but it may be made general by the me- 
thod pursued in the former Corollary, from which it 

, , . 8a* X QR 

appears that the centripetal force = q v* v QP* ' 

Prop. %. — Car. 3. 

QR 

92. By Cor. 2, F. at P : F. at p 11 gy* X QP* 

qr QP* . 

: o A y^ — 3 ultimately, but q-jt is ultimately rr 

chord of curvature at P = P V, and = P v, .*. 

q r "^ 

1 1 

F.atP: F. atpr.'gy, xpv' Sy X pv 

Notes to Prop. 6. — C&r. 3,. 

So* 

93. In general F = gy^xPY ' 

94. From this Cor. may easily be deduced De 
Moivre's expression for the centripetal force. For 
let P N (Fig. S5J be the curve, P F the diameter of 
curvature^ and PCs radius of curvature = R, the 
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rest as before ; then by similar a', S P : S Y : : P F 

2R X SY 
(2 R) : P V = gp , /. F varies inversely 

S Y3 X R 
as — gp ; which expression may be made gene- 

ral in the same manner as the rest. 

Prop. Q,f^Cor> 4. 

95. By Cor. 3, F. at P : F. at p : : g y^i x J^V 
1 

V* at P 
v.* at;? : V.» at P; :. F. at P : F. at |> :: py 

V*at;> V* 

: , or the centripetal force a -r r 

pv ^ ^ eh. curv®. 

Note to Prop. 6. — Cor. 4. 

8 a* 
96 In general F = gy* X PV ^ ^^^ ^^^ ^*' 

4 a* V* 

S Y* = -yj-, .*. F = rpy' Hence the formula 

V* 
•py- for the centripetal force in Cor. 4 is general, 

and applicable either to one or different orbits, round 
the same or different centres of force, and the reason 
why a general expression should be deduced from 
one that is not general, is obvious from the method 
of proof observed in this Note. 

Or the Equation may be thus deduced. In gene- 
ral V*=2FS=2FX — - (Art. 82) = F X 

4 

pv v» 

• F — • 

2 '••* ' JPV 
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litfroductoiy Articles to the remaining Parf»- 

of this Section* 

97. If a bodyy uirged by any centripetal force, is moved in' 
any manner ; and another body ascends or descends in a 
right line ; and their velocities are egfttal iwany one case of 
equal alHtudes, iheir velocities wUl be eqkal at all equal al- 
titudes, — Newt. Lib. L, Prop. 40. 

Let any body descend from hr(Fig. 56;^ through 
D, E, to the centre C ; and-let another body be moved 
from V in the curve line V I K i. With the centre 
C, at any interv^s, let the concentric circles D I^ 
E K be described, meeting the right line A C in I> 
and E, and the curve line V I K in I and K. Let 
I C be joined meeting KEin N; and let the perpen- 
dicular N T be drawn to 1 K ; and let the interval 
D E or I N of the circumferences of the circles be 
very small; and let the bodies have equal velocities in 
D and L Since the dbtances C D, G I are equal, 
the centripetal forces in I>aud I will be equal. Ltt 
these forces be expressed by the same equal Unes D E, 
I N ; and if one force I N is resolved into two N T and 
IT; the force N T, by acting in the direction of the 
line N T perpendicular to I T K the path of the 
body, will not change the velocity of the body in that 
path, but will only draw the body from its rectilinear 
course, and make it tprn aside continually from the 
tangent of the orbit, and proceed in the curvilinear 
path I T K ^. In producing this effect, that whole 
force will be employed : but the other force I T, by 
acting in the direction of the course of the body, will 
be wholly employed in accelerating it, and in a very 
small given time will produce an acceleration propor- 
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tional to itself. Therefore the accelerations of Ihe 
bodies in D and I, produced in equal times (if tlie 
limits of the ratios of the nascent lines D E, IN, 
I K, I T, N T are taken) are as the lines D E, I T ; 
but in unequal times, are as those lines and the times 
Jointly. But the times in which D E and I K are 
described, because of the equal velocities, are as the 
spaces described D E and J K ; and therefore the 
accelerations, in the course of the bodies through 
the lines D E and I K, are as D E and I T, D E 
and I K jointly ; that is, as D E^ and the rectangle 
IT X IK. But the rectangle I T X I K is equal 
to I N*, that is equal to D E* ; and iflierefore equal 
accelerations are generated in the transit of the bodies 
.from D and I to E and K : dierefore the velocities of 
'the bodies in £ and K are equal : and by the same 
argument they will always be found equal in all sub- 
sequent equal distances. Which was to be demon- 
strated. 

By the same argument, bodies with equal velo- 
cities, and equally distant from the centre, will be 
.equally retarded in their ascent to equal distances. 
Which was to be demonstrated. 

Hence the following Corollary. 

Con Let C be the centre of force, A the point from 
which a body must fall by the action of the force to 
acquire the velocity in the curve at V, CD and C I 
equal distances from the centre C in the straight line 
and curve; v = velocity at I, CI = j7, F =r force in 
direction I C, then will v dv = — F i;^ ; for r, dv, F 
and cLv are the same, both in the curve and straight 
line. Hence, according to whatever law the velocity 
of the body descending in the right line V C may vary, 
in the same manner will the velocity in the curve also 
vary. 

98. To find the fiuxianal expression far (Jte law of the 
force, supposing a body to revolve round a fixed centre. 

Let y = distance of the body from the centre xjf 
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force, p =s perpendicular upon the tangent, F =r 

force, and v = velocity at the distance y ; then z^ 

4 a* ^a* dp 
= .*. vdv = ; but, Cor. Art 97, 

^c^ dp do 
vdv = — Tdy, :. F = ^ a ^ 



p^ dy jp3 dj^ 
Or the same immediately follows from Pr6p.^6, 

Cor. 3, for F = ^^ 



- >. 



SY*XPV 2^rfv 

4»a*rfj? «JP 

^ T^ dy 

Ex* 1. Eequired the law of the force in the hyper- 

ay 111 

hoik spiral. — Here p = , : .% — = 1- — 

^a* +\y* p^ y^ a* 

. dp dy dp 1 

. . — oc — and F « oc — • 

P^ 5^ F^dy y 

E^ 2* Required the same in the spiral of Archi- 

y 1 6* 1 

Tw^cfes.— Here o = ■ /- :, /. — = — + — - •% 

^6*+y ii* y y 
2 c(p ^b^ dy 2dy dp 2 4* 

-_ = — _- + _-, /. F oc -— - a — — 

F !r y fdy j^ 

1 

Ex. S, Required the same in the involute of a cir^ 

cle. — Let r = radius of the 0, then by the nature 

1 1 
of the curve y = y — r*, /. — = , aild 

jp» y^ — f^ 

dp y y 

■- — a ^ a — • 

P dy y* — ?* p^ 

Ex. 4?. Required the same when the sqtuire qffheve- 
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locity is pt'oportional to the logarithm of the distance 

1 dp \^ 

Here t;* oc log. y^ /. — « log, y, /. --— a — — 

f' fdy y^ 

the force •*• is repulsive, and varies inversely as the 

distance. 

99. TJie sqtuzre^ of the velocity of bodies revolving in any 
curve, are in the joint JRatio of the accekratiny forces, and 
chords (f curvature. 

Tor (Art. 96) V* = F X ^ P V a F X P V. 

100. To compare the vdodfy in any point of the curve, 
with ^ velocity of a body revolving in a circle at the same 
distance^ 

V* a F X P V, and in this case F is the same 
in the curve and ©, /. V* : t^ : : P V : |? ». 

Cor. Let y == distance from the centre of force, 
p = perpendicular on the tangent, then if for P V, 
p Vj we substitute their values, we shall have V* : ir* 

dp y p 

101. If a body revolve in a curve of any hind round a 
centre of force, to compare the Z,' velocity (f the perpendicu- 
lar upon tJte tangent, with that of the radius vector. 

Let P, Q (Fig. Sj be two points in the curve in- 
definitely near to each other, to which the tangents 
P Y, Q j^ are drawn ; let fall the perpendiculars S Y, 
S^ upon the tangents P Y, Q j/, and from P and Q 
draw P C, Q C perpendicular to the curve at P and 
Q, which will meet in C, the centre of curvature ; 
then since P C, Q C are respectively parallel to Y S, 
?/ S, the Z P C Q = jLYSy; hence Z' velocity of 
perpendicular : Z' velocity of distance :: Z Y S^ : 

Q P QT 

z PSQ:: z PCQ: z PSQ ::^ : -1— :: 

PC SP 
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CP PO 

: -— - :: SP : PO :: 2SP : PV :: 2v : 

C P S P ^ 

2pdy ^^ dp dy 

dp p y' 

Cor, Hence, and by Art. 100, V* in curve : V* 
in at the same distance M Z ' velocity of distance i 
ZJ velocity of perpendicular; and .*. the .velocity in 
the curve = velocity in the at the same distance, 
^hen the Z' velocity of the distance = the Z' velo- 
city of the perpendicular* 

102. The anguknr vdoci^ m any curve is as the area de- 
^scribed in a given time directfyy .and the square cf the dis- 
ianee hwersdy. 

Let P S Q, psq (Fig. 57^, be two indefinitely 
small Z '; A and a the areas described about S and s 
in the same given time, then Z' velocity about S : 

QT 

Z' velocity about s 11 Z PSQ: /L psq I.' — — : 

iS IT 

qt SP.QT sp X qt A a 

^ sp*' SP* ' ^jo* 'VSP'^p** 

Cor, In the same curve A = «, /. Z' velocity a 
I 



dist. 

103. To find the variation ^ (he paraeentric vehcity in 
4iny curve. 

Let P Q (Fig. 58 J represent the velocity in the 
curve ; draw Q T perpendicular to S P, then will 
P T represent the velocity towards the centre ; to find 
which, put SP = 3^, S Y = ;?, then SP : P Y :z 

2a 

«^ «^ PQXPY — X ^f y^ —p\ OC 

P Q : P T z= — : j= JL £ — 

SP M 

J ■ ■■ 

P7I 



119 

t04f, Itequii'ed Um route eU which tlte Ihvear veloeity de" 
ureases in any curve. 

Let S P = j/, S Y = 2?^ » s velocity in curve at 

\ dp dp 

P, then since v a — , — dv o^ — — ot dv a — r 

P p* J?* 

from the equation to- the curve get a value of p in 

dp 
terms of y, and conse<]^entIy a value of — in term& 

2>* 

of3^andr:^^but ^y — jp»:2>f^PT or%>: QT 

p du vv du 

• ^^ ^ =SPXQT = area 



described in a given' time = 1 , .V dy 



_ ^y — p». 



substitute this value ef <:^ in the proportional equa- 

dp 
tion dv oc — , and the thing required is done. 

P* 

105. Required ihe rate atioMeh (he Z/ velocity decreases 
in any curve* 

1 

Let » represent the Z' velocity, then a a — , .V 

dy dy 

^■^doLo: ox d et <x. — ; but by the last Article^ 

y y 

dy = "^^-P" :.da cc ^^-^\ 



Of the nature^ variationy Sfc.^ of the centrifu- 
gal Jbrce. 

106. Supposing a body to revolve about a centre 
of force, and the motion in the curve to be resolved 
into two, one in the direction of the radius vector. 



L., 
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and the other pei*pendicular to it« it is evident that 
that part of its motion, which is perpendicular to the 
radius vector, will give the body a tendency to recede 
from the centre. This tendency of the body to re- 
cede from the centre, in consequence of its rotation 
round it, is called the centrifugal force, and the space 
by which it thus recedes, in an indefinitely small 
given time, is the measure of this force. 

Thus let P Q fPig^ 57 J be an arc described in an 
indefinitely small given time, S the centre of force ; 
resolve P Q into P T and T Q, and with S as centre 
and S Q as Radius describe the circular arc Q .r. Now 
since P Q represents the whole motion of the body, 
P T will represent that part of it which is towards the 
centre ; and by this' alone the body would be found 
at the distance S T from the centre at the end of the 
given time ; but in consequence of the motion T Q 
perpendicular to S P, it is reaUy found at Q at the 
end of the mven time, and at a distance from the 
centre = S Q or S x. In consequence .*. of the per- 
pendicular motion T Q, the body has receded from 
the centre through a space = T .r, which /. by the 
definition is a measure of the centrifugal force. 

107- Strictly speaking, the term ^orc^, applied to 
this tendency of a body to recede from the centre in 
consequence of its rotation round it, is inaccurate ; it 
being merely the effect of that property in all matter 
of persevering in its rectilineal direction : it is /. de- 
nominated a lorce, merely because we must employ a 
centripetal force to balance it, just as we suppose a 
resisting vis inertias because we must employ force to 
move a body. 

108. From the above definition of a centrifugal 
force, it follows (1 ), That if a body revolve in a circle, 
the centripetal and centrifugal forces are equal ; for 
T P (Fig. 59 J is the space through which the body 
recedes from the centre in consequence of the per- 
pendicular motion T Q, and /. represents the centri- 
fiigal force ; also P T taken in a contrary direction 
represents the effect of the centripetal force, .*. &c. 
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Or the same conclusion may be deduced from consi- 
dering that the body always continues at the same 
distance from the centre, and /. through whatever 
space it must recede from the centre in consequence 
of the centrifugal force, through the same space must 
it approach the centre in consequence of the centri- 
petal. 

(^) That if a body revolving in any curve come to 
an apse, it will, after that, approacn to, or recede 
from, the centre, according as the centripetal is great- 
er, or less, than the centrifugal force. For let P Q 
(Fig, 60 J be the curve, P the apse, P A a descri- 
bed with S as centre and S P as radius, and which 
falls without the curve P Q; then by constructing the 
figure as before, we shall have T^ to represent the 
centrifugal force, and P T the centripetal ; but since 
S A is greater than S Q, P T is greater than T x, 
i. e, when the body approaches the centre from an 
apse, centripetal force is greater than centrifugal, .'. 
conversely, &c. But if PA fFig. 61 J falls within 
the curve, /. e, if the body recedes from the centre, 
T X is greater than P T, /. r. centrifugal force is 
greater than centripetal, .*. &c. Or the same con- 
clusion may be deduced from considering that since 
the whole motion towards the centre is the effect of 
the centripetal force, and the whole motion from it 
the effect of the centrifugal, the body must approach 
to, or recede from, the centre, according as the first 
is greater or less than the second. 

(S) That if the body be not at an apse, i. e. if the 
direction of the body's motion be oblique to the radius 
vector, the body's approach to, or recess from, the 
centre, does not depend upon the centripetal force 
being greater or less than the centrifugal ; for in this 
case P T fFig. 62^ = Pjr + 3/ T = P^y + Q R, 
f. e, the motion directly towards the centre is made 
up of the motion Q R in that direction arising froni 
the action of the centripetal force, together with that 
part of the tangential motion represented by P;y, 

Q 
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w&lcb i$ in the direction P S ; hence» in consequ^ner 
o£ this tangeatial motion, the body nunr approach to^ 
the centre S, even though the centrinigtd force be 
greater than, the centripetaly as is represented in the 
Sgure, and the contrary, 

(4) That in all cases the centrifugal is equal and 
opposite to the centripetal force of a body revolvin|^ 
in a circle at the same distance, and witn the same 
jL' velocity ; for if j? Q represent a circular arc de- 
scribed in the same given time in which the arc P Q 
is described, x T wiU be a measure of the centripetal 
force in that circle, but T x has been shewn also to 
represent the centrifugal force of the body revolving 
in the curve P Qr 

109. 2%e cenir^uffai force m different points of d^eten£ 
ewrves is proporHanal io die square rf the area described in a' 
fiven time diree^y and the cube of the diskmee itwersdy. 

For centrifugal force at P fFig. 57) : D^ at|? : : 

SP 5^1 SP' sf 

A* a* V*P» v'f' 

:: , : ^^=3y or (Art 64) :: ^, *—zr' 

Dist.3 Dist.^ ^ ' D^ €P 

Car. 1. In the same curve A s ft, i. e. in di£R^ent 
points of the same curve,^ the centriftigal force oc 



BSt:\^* 

C(n\ 2* To find an equation for the force, we have 
_^ 2T^ 2QT* SP/QT* A* 

1* 2 S P S P^ "^ S»D^' 

if A = twice area described in V\ 

1 10. To compare die centripetal and eentr^igal forces ift 
an^: curve. 

Centripetal : centrifugal force :: Q R : T ^ :; 



123 
PQ» QT» SP» SY» 






PV 2SP PV 2SP 



(by similar a'), :: 



2 p dy t^ du 
^ dp P °P 



PROPOSITION VIL 

Notes to Prop* 7. 

111. In general, we have, as in Art. 88, the cen- 

8fl* X AV* 

tripetftl force = , which is true for difr 

^ SP» X PV^ 

ferent 0' having the same or different centres of 

force. 

112. If the centre offeree S (fig> 64iJ be without 

1 
the circle* ■ -, which .expresses the law of 

s P* X p yy ^ 

tSf» force, is positive, while the body moves from B 

tough P to A ; but at A and B, P V vanishing, the 
ce becomes infinite. From A dirough V and P' 
to B, P V lying the contrary way to what it did in 
the superior part of the orbit, the expression for 
the force becomes negative ; the centre /• repels the 
body. 

1 18. To prove the Prop, fluxionally, let S P fFig. 
35J =5^, PV = c, SY=;7, PF =6; then PS. 
£V= AS.SB = some constant quantity, = a*, 

a* +y 

i. e. y X c — y = fl*, .'. c = • Also by si- 

a^ + y^ a^+y' 1 

<milar ^'^yipllb: '— :.p = — v — and -—r 

6* dp ^Vydg dp V y 

ss .^ • -T = .^ -- and -- — a — ■ ■>« 

a»+j^---l>* «»+yl3 fdy ^*+y^^ 



1 
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114. By Arts. 99 and 100, the velocity in the 

2fl. AV 
curve = ^ p p^ ; and the velocity in the curve at 

P : velocity in at same distance : : ^ J P V : ^ S P. 

If S be in the circumference of the 0, the R°. be- 
comes that of 1 : ^ 2. 

115. By Art. 110. Centripetal force : centrifugal II 
2SP. AV* : PV3. 

Notes to Prop. 1, — Cor. 2. 

116. If the periodic times be not equal, then neither 
are the areas described in a given time round the two 
centres equal ; .'. in that case, F round S : F round 

RP. SP SG^ 

^•' P.T.roundSV- P. T. round RV ' ^^^^ ^ V* 
and the whole area^ are the same in both cases. 

117. Suppose R (Fig. 65 J to be in the centre of 
the circle, and S to be at V in the circumference ; to 
compare the forces round each centre, the periodic 
times being the same. Since the whole areas and 
periodic times are the same in both cases, F oc 

" S P * P V3 ^ • • ^' ^^^^^^ ^ • ^' "^^""^ ^ * ' R P.^ P T3 

1 1 1 

. . . . • • P V5 • 4- A V^ 

'PV^"iPT^'PV^* *^ 



PROPOSITION VIII. 

Notes to Prop, 8. 

C P* 

J 18. Since F a YWW x SP^ ' ^^ ^^^ ^ ^ 
is infinite, it might be inferred that force was in- 
finitely small ; the contrary however will appear 



us 



from the general solution. For, in general, F = 

• hiif V* — • • /I* 

S P* Q T^ ' - S Y* • " 4 

Now let b = velocity in direction A C, which is con- 
stant, since the force in the direction of the ordinate 
does not affect the motion of the body in the direction 
of the abscissa, /. V* : 6» :: P R* : QT* :: S P* 

6»SP* 6*SP* SY* 

: S Y* /. V* = -gyr- an<i «* = gY> X "Y~ = 

ySP* ^ S aJ'QR _ CP* 8^. SP* _ 

4 •'• SP*.QT* "■ 2PM3. SP* ^ 4 "" 

p iy.3 , a finite quantity when P M is finite. 

119. By Art. 99, the velocity in the curve at P 
_ b.CP 

- "P M * 

120. By Art. 110, centripetal force at P : centri- 
fugal :: 2 SP^ : SY* X PV :: 2SP x CP* : 

P M* X P M, I. e. centrifugal force is nothing, as 
also appears from the definition of a centrifugal force 
in Art. 106. 

121. To find the fluxional expression for the law 
of the force, supposing this force to act in parallel 
lines 

Let A B (Fig. 66j = jr, BP = 3^, P T = rf^, TR 
^ dyy b zz. velocity in the direction A B, which in 
the same curve will be constant, (Art. 118), v = ve- 
locity in the direction of the ordinate B P, and F =z 
force in the direction PB; then dx \ dy \\ b i v z=^ 

bdy bd^y b^ dy d^y 

,' .'• dv = —1 — and v dv ^ — -rj, — ; but — v dv 

6* dy d^y 
= ¥ dy :. F X dy z= -^ — ~^ and F = — 

b^ d^y d*y 

y^ a — -T^ ; or if P Q be an arc described 

in an indefinitely small giveji time dx is constant, and 
F oc — d^'y. 



] 
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QR 

Or thus. By Prop. 6, F « ^^ — pghutT* ... PQ 

PT* Q R X ** 

or P T a -Tp /• F oc ' — p^ — or a 

A» X — <y 

;^ as before. 

122. To prove the Prop, fluxionally, put P M = 

— xdx 

y, CM = a;, :.yz= ^r*— ^and^ = v^^^= = 

xdx X yds^ 

— xdx xdxdy^ydxi^ y 



y 


-,..a-y=z- 


5^ 




y 




— 


■dx' X X* 


+ y . „ 


d'y 




1 




y 


— =^, .'. F « — 


da^- 


> « 


y 






SCHOLIUM. 









JbUrodudofy Article to Scholium, 

123. Lemma, — Let P O fFig. 67 J be thediainater 

of curvature of the conic section D P L, C the centre, 

C D the ^ conjugate diameter produced to meet 

PO in F, then will PO oc PA'. 

1 12 D* 

For CD a -p-p .'. CD* «c ppj and pp 

1 i 

or P O oc p^ ; but by conies P A oc -p-^ •*. P A^ 

1 
« pp and P O a P A^. 

Cor, If the distance betwixt the foci of the ellipse 
increase, P O still « P A^ ; if .'. this distance become 
infinite or the ellipse migrate into a parabola, P O 
oc P A^, and hence the Prop, is general. 



r 
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Sckoliimi. 

124. Let L P D be any conic section, P V the 
chord of curvature perpendicular to the axis, then 

QT* : PR» ::PM* : PA* 

QT* PR* 
/. Qg : Q^orPV::PM*:PA* 

but PV : PO :: PM : PA 

QT* QT* PO 

•' QR •^^••^Jy*-^A,..Qjj-p^, 

SJP.» Q T» 
X PM3 a (by Art. 123) PM^ /. — ^^ — oc 

PM^•andF oc — — . 

' PM^ 

Tiitf same^fluxiondlly. 

In parabola y* = 2 o jr, C.ydy :=. adx and dy = 
a dx adydx a* Ar* rf»v 

•. -. rf*y = _f: — = , :, F oc £. 

3f f y^ dx^ 

a* 1 . 

a — « — • 

In ellipse and hyperbola j^ =r — x ^ «* — ^» 

a 

b — X dx b — J? dx A* 

/. £^ = — X . 5= — X = — 

a ^a* — X* a ^v> a* 

— xcir ft* xdxdy — da^ u 6* 

X , /. (Z*j^ = — X f_ t = — 

^ a* y a* 

X 1 ^ X ' > but 

fr* 6* 

since ^ = — .a* — x*, .*. — . ^ + 5/* = J*, /. cPy 
a* ft* 
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« ;3 ^<iF«-^^«-3' 



PROPOSITION IX. 

Introductory Article to Proposition 9. 

125. The curve which cuts all its radii, drawn 
from a fixed point, in a given Z, is called the ^ Equi- 
angular Spiral.' 

From this definition it follows, that the chord of 
curvature to any point of the spiral is double the ra- 
dius vector at that point ; for let S fFig. 70 J be the 
centre of the spiral, P Q an indefinitely small arc ; 
firom Q and P draw Q O, P O perpendicular to the 
curve at Q and P respectively, which will meet in O 
the centre of curvature ; take P V the chord of cur- 
vature passing through S, and join V Q ; then since 
theZOQA = ZOPQ, take from these the equal 
Z* S Q A, SPA, and the remainder the Z OQ S 
= the remainder the Z O P S, and the Z* at C are 
vertical Z % /. Z C O P = Z Q S C, but Z P O C 
being at the centre is double the Z P V Q at the cir- 
cumference, /. also ZPSQ = 2ZPVQ; but 
ZPSQ=ZPVQ+Z SQV, /. Z SVQ 
= Z SQV, and SQ or SP = SV, /. PV = 
2SP. 

Prop. 9. 

126. Case 1. Let P Q, jp 7 fJP'ig. 71 J he two indefi- 
nitely small arcs, and let us suppose in the first place 
the Z PS Q to be a given Z, i. e. that the Z P S Q 
= jC pSq, then since the Z' at S, P and R are 
respectively = the Z" at S,^ and r,the remaining Z 
S Q R = remaining Z Syr;.*, the figures S Q K P 



dnd Sqrp; Q R P T andy r;?/; <iPT and gpt; 
8 P Q an^ Sp q are Fespetfiyely »iiniUr to each other, 
and .*. have their homologous sides proportional, /. 

QT at QT* 

gt* ' SP^QT* 

yr ^ ^ ^^ ^' QR 

i -i— 1- :: S P3 : Sp^ :: F. at^j r F.«t p. 

Coi^ ^ Supf)ase tke Z P S Q not to be =£ Z 
_p S 3' ; make in that ease the Z P S * a: Z p S y, 

then by the first case : : : S I* : Spi but 

QRiflff ::QP*:^P, ^.i?. by similar a". ::Q'P 

-rr* QT* QT* «J^ 

^s QR QR ?r ^ 

as in the first cose i aad this is the meaning cf New- 
ton's expression, " if the Z P S Q i» in any way 
changed." 

127. To prove the Prop* fluxrcnrally pat S P = ^, 
S.Y =i»> theiijp ly ia a given R®* llnLi l^.*.j> = 

1 1 4 a* rfp 4 a* 1 

9ff ji^ and ~*^ 22 ■ t'l •** ' ■■■ * ■ :££ oc -*^» 

128. By Arts. 99 and 100, the velocity in the 

1 
curve oc and vefocity i» axrve = veteeity m a 

at the same distance. 

129. By Art. 110, centripetal ferce : centrifugal 

:: S P* : S Y* :: rad.* : sin. A SPYl*, and .-. in a 
constant R^. in the same spiral. 



R 
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PROPOSITION X.* 

Nc(tes to Prop. 10. 

1:30, To make the Prop, general, we have (Art;. 

8a*XQR 4.a*XPC 

88) F = = ; whicb 

S P* X Q T* A C* X C B» 

expression is general, and true for bodies moving 

round different centres. 

131. If different bodies revolve round the same 

centre, then at equal distances the forces will be equal ; 

4 a* , , 

hence must be constant, /. when differ- 

AC*. CB* 

ent bodies revolve round the same centre, the force 

a CP. 

132. Let 9 represent the absolute force, then acce- 

lerating force = 9 X PC = X PQ 

^ AC* X BC* 

4 a* 



A C* X B C* 



* Table of Equations, containing the most eommoa and use* 
ful properties of the Conic Sections : — 

Parabola. 

Laltu rectum or L sr 4 S A fFig, 16^. 

TN==sAN CFig.S2j. 

SY* = SP. SA(SY = i» ontangent.) 

Q v» =:' 4 S P. Po fFig. I6j. 

2 AS 
S P =3 — ; r, where S = Z traced out by radius vector. 

Chord of ewv. =i 4 S v. 

4SP^ 
JHtan. of curvM = ^/ ' 

Equation to the curve y^ = a ;r (a = latU9 rectum,) 



^ 



IM 



IBS. To prove the Prop, fluxionally, put a =z-^ 

^&k\s major, i -zz ^ axis minor, ^ = C P, jp .= 

P F = perpendicular on the tangent, then p* = 

a* i* 1 a* + i* y 4 a* rf/ 

and — = 



^« + 6* _ y p* a* Z^ a* d*' ' p^ dy 

and F a i/. 



4 a* ^ 



«=* ^>= 



JEllipse. 

S P + PH = 2 AC ("Fig, 14J 
AS. SM = BC*, 
2BC* 

^-"AC"- 

SP 

SP.PH = CD*. 

AC* +CB*=CP* + CD*. 

AC.CB = CD.PF. 

Pv.cGXCD* 
Q »» = — 



CP* 

SC 



B C = a V' 1 — e*, toA^r^ ^ = eccefdrkity = 

traced out hy S P. 

2 CD* 
-Ch. curv, through Cr. = —77-5 — • 

C/ It 
2 CD* 

Ch, curv. through focus = — 7~;^r"' 

2 CD* 

Diam. of curv, = — ^^ — . 

P r 

5» 

Equation to the curve y* = — . 2 a x — ;p*, w/A^ Me aiicwic 

^eginx at the vertex. 



Or V* = — . a* — A'*, !i;^e» ^Ac abscissa begins at the centre 



132 
f Fv / T15* 

134. V = V F X ;=: V 9. C P X — — = 

2 CP 

^ <p X CD* = 9^ X CD a (round the same com- 
mon centre) CD. 

135. Velocity in ellipse : velocity in © at the same 

distance :: V ^-^ : ^TCP .-. C D : C P. 

CP 
Cor. Hence the velocities in the ellipse and circle 



H;^perhola^ 


HP — SP=2AC (Fig.U). 


AS.SM — BC». 


2BC» 


^-"AC- 


c p 

S Y* «BC*. . 

PH 


SP.PH = CD». 


AC»--CB» ==CP* — CD^ 


AC.CB«CD.PF. 


Pff,i;GXCD* 


BC = « V#» — I. 


<,„ J» 1 0.(^-1) 



2 CD* 
Ch. 0urv, through cen, = - - . 

V* It 
SCP* 

Ch.eurv. through focus = — j— — , 



PF • 

5* 

a* 

A* _ 

orif%^ -r . ** — «*, abscissa beginning at ike centre 



^* = -^ • 2 fl jf 4- 4», abscissa beginmng at the vertex. 



1 
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at the same distance are equal in four points of the 
ellipse. For through the extremities of the major and 
minor axes (Fig. 72 J of the ellipse draw tangents 
which will form a rectangle. Join G C, H C, which 
produced will pass through I and K, since A F and 
H K, A B and H K are similar parallelograms, and 
/. about the same diameter ; draw B M, which is bi- 
sected in L, consequently B M is an ordinate to the 
diameter P R ; also B M is parallel to H K, A Q D 
is a conjugate diameter to P R ; and since Z B C P 
= Z BCD, CP = CD = CR = CQ, /. the 
velocities in the ellipse and at the points P, D, 
R, Q, are equal. 

136. Centripetal force : centrifugal : : PC* : A C* 
C B*. Hence these forces are equal when P C* = 
AC, C B, or when the distance from the centre is a 
mean proportional between the two J axes of the el- 
lipse. To find this point geometrically ; from C M 
(Fig. 73 J cut off C D = C B ; on D A as diameter 
describe a ^ D E A, produce C B to meet it in E, 
and with C as centre and C E as radius describe the 
P P'^ E ; then will the centripetal force be = the 
centrifugal at the points P, P', P^', P'^' ; for join C P 
then CP ( = CE* = A C. CD) = A C, CB,and 
the same may be proved of the other points. 

Prep. 10.— Cfer. 2. 

whole area 



137. Or thus, P. T. = 



area dat. temp, 
whole area 4 «* 

^ ; but (Art. 132) ^ = XCM<nCB^ - - 

^AXxCB _ ^-ACxBC 

= "^ \ ^'- ^. P- T. m all ellipses round the same 

centre is constant, and about different C". oc 

Pi- 



NOTES TO SECTION III. 



PROPOSITION XL 

138. Or the Proportions maybe thus arranged : — 

Qo* : Fv.vG :: CD* : CP*. 

Pi; : P^ :: PC : PE or AC 

QT* : Q^ :: PF* : PE»or AC* 

.'. QT» : Par.»G::CD». PP : PCAC* 
or QT* : QR.2PC :: AC*. BC» : PC. AC 

QT* 2BC* QT*. SP 

•*• Q R = A C - ^' ^"'^ Q R - ^' 
S P*. 
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PROPOSITIONS XL XII. & XIIL 

Notes to Props. 11, 12, and 13. 

139. To make the above Props, general, we have 

8flr* 
(Art. 88) the centripetal force = t v S P* ^ which 

expression is general for bodies moving round differ- 
ent centres offeree. 

140. If different bodies revolve in conic sections 

round the same centre, then when they are at the 

same distance from it, the forces will be equal, .% 

8 a* 

— J— must be constant; consequently in this case the 

1 

force oc . • 

SP* 

141. Let f represent the absolute force, then ac- 

. n 9 8 a* 8 a* 

celeratmg force = gpj = j^ ^ gp , /. 9 = '"l'j 

and a* =: — r— 

142. To prove the Prop, fluxionally, we have in 

y 
the ellipse jp* :=z ifi X - — ;3~; ^^ the hyperbola^* 

y 

= fi* X r — -j- — ; and in the parabola p* = ay ; 
I 2a I 1 2a I 

1 1 4f€^ dp 

3" = -^ .% F =z — 3-T— = (in all the three cases) 

So" 
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PROPOSITION XIV. 

Naie to Prop. 14. 

143^ This Prop, is only applicable to different 
bodies moving round the iame common centre. To 

QT* 

make it general, we have L = "Qp"> but (Art 88) 

F (p 

Q R = — when the time is given, = ^p^ .'. L 

2SP*XQT* 8a* 

= T =s —-" The same conclusion 

9 9 

was obtained in Art. 141. 

Note to Prep. 14^— Cbr. 
144. If bodies revolve in ellipses round different 

centres, wehave A s= P. a = P. v'-r— /. AC. C B 
oc L}. <fi. P. 



PROPOSITION XV. 

Note to Prop. 15. 

145. This Ph)p. is only applicable to different 
bodies moving round the same common centre. To 

make it general, P. T = — , but (Art. 141) a* = 

L. p BC. p BC. ^7 _ A 

8 - 4AC'**"-2 v'aC' ' " '^ 

*. AC. BC 2*AC4 
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PROPOSITION XVI. 

Note to Prop. 16. 

146. This Prop, is only true for different bodies 
moving round the same common centre ; to make it 

SP. QT • 2a -^Tl" 

general we have V = -^Y" = ST = VgTsY 

which is applicable to bodies moving round different 
centres of force. 

Prop. 16. — Cor. 4. 

L 2AC SBC* 

147. For V» :»>»:: BcJ: T^-^' -ac" 

r : L : lull I : l ; and /. since the velocities in' 0* « 

1 
^-TT— 5 the velocities of bodies revolving in ellipses 

round a common centre will at the mean distance a 
1 



^dist 

Prop. 16. — C(n'. 6. 

148. For in different points of the same curve V a 
1 . , 1 1 . 
-^Y 5 •*• ^" parab. V oc ^-y" « .^^ ; in the ellipse 

and hyperbola V « -g^ oc ^ ^ ^_ « y^. 

VPH 

Now in the ellipse, as S P or the denominator of this 
fraction increases or decreases, H P or the numera- 
tor decreases or increases ; consequently tha fraction 

s 
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HP r ' 

-^-p will vary more than the fraction "gpTj and -*'- 

1 

the velocity will vary in a higher R°. than T7=^ ; 

but in the hyperbola, as S P increases or decreases, 
H P also increases or decreases ; consequently the 

HP 1 

fraction -Kp- varies less than the fraction "gp^> '• ^• 

1 
the velocity varies in a less R°. than ^-—: -. 

Prop. 16— Cfar. 7. 

4.SA 
14jO. For ifl^ the parabola V* : w* :i SP. SA * 

2SP ,, — , 

gpj :: 2: 1, AV: c :: va : I. 

2BC* 






AC 2SP 

In the ellipse V* : v* t: -g-^ : gp» 

HP : AC, .'.¥:«:: ^HP : ^AC : 



SP 



^2AC— SP: 'v'aC::^ 2—^^:1" VS — 

: 1. 

InhyperbolaV ;p::'V^H Pr'^AC::'*^2AC + SP 

: 'v'AC;:^2 + 4c:i::V2T:». 

Hence also velocity in parabola =s velocity in O 
at ^ the distance. For 

V : » :: y 2" : 1 _ 

& V : velocity in Or. j S P :n : v' 2 

I _. 

/. V = velocity in radius ISP 
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Bat in ellipse V : v 11 ^^2^: 1 
&v:v.inGr.iSF::i: ^¥ 

/• V : v. in 0n i S P M ^2"^ : ^T 
..% V is less than velocity in 0r. JSP 

And in hyperbola V : ^ :^ ^ 2 + : 1 

& V : velocity in QrJj 8 P i: 1 ^ T 

/. V : velocity in 0r. J S P :: ^ 2^^: ^'¥ 
/. V is greater than velocity in -Or. | S P. 

Prop* 16. — Cor^. 8 and 9. 

^50. For let V = velocity in the conic section at 
:4he distance S P ; t; = velocity in a at the distance 
of J the iatus rectum ; and t/ :^ velocity in a at 
the distance S P; then since the latera recta in the 
sconic scsction and first are equal 

y : t; t: i L 1 S Y, which is thie 8th Corollary. 

Again w:z/:: ^ ¥P ; ^jT ^ 

•!. V^t/:: ^iL XSP :SY, which isthe9th 
Corollary. 



DEDUCTIONS FROM THE PRECEDING ?ART 

OF THIS SECTION. 

151. Of the LINMA& velocities of lodies revolving in 
conic sections^ the centre of force being in the focus. 

1. Required a general expression for thevdocitiescf bodies 
revolving in (my oftl^ emk sedkms. 

(I) In parabola V* = F X i P V = g p,- X 2ST 
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'^.^Va '' 



- SF*" ' ^ SPj 
(2) In ellipse and hyperbola V' = FxiPV = 

f SP. PH _ p xPH . _ ffxTH 
SP ^ AC - AC. SP''* VaCSP- 

Or the same may be deduced from Art. 146, by 
substituting for L and SY in the Equation V = 

Car. 1. If different bodies revolve round the same 

1 
centrei f is constant ; .'. in parabola V a ■ . j 

and in ellipse and hyperbola V a \^ aq op ' 

Cor. 2. In different points of the same curve we 

1 
have in parabola V a '- . — ; and in ellipse and 

hyperbola V a V"g^' 

2. To compare the velocity in a conic section with the ve- 
locity in a circle at the same distance, 

V a ^ P V, .*. velocity in conic s ection : velocity 

("2 CD* 

in Q at same distance \ \ V ■■ . ^ ■ : v^ 2 S P CI 



r2SP.PH 

^ Jj^ • ^2SP •• ^HP ' '^AC. 

Or the same may be demonstrated as in Prop. 16, 
Cor. 7. 

Cot\ 1. Hence velocity in ellipse = velocity in a 
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O at the mean distance ; for in that case H P =: A C ; 
the same is also shewn in Prop. 16, Con 4. 

Cor, 2. Hence also the same conclusions may be 
deduced as those given in Prop. 15, Cor. 7. 

3. To compare the vdocify in cm^poini cfOve ellipse vnth 
the velocity at the mean distance. * 

1 

V a ^^, \\ velocity in ellipse : velocity at mean 

distance : : —z:^ : -p-^ : : V fjp . V g^ 




PH 



^, If a body revolve in an ellipse ; required the point 
fiehere the velocity is an arithmetic mean between the greatest 
and least velocities. 

Let D ■ and i^ =: greatest and least distances p = 
perpendicular upon the tangent at the required point ; 

112 "2 D J 

then by the Prob. ]q + T = P •*• -P = DT^= 

— =: i L, or at the required point the perpendicu- 
lar = J the latus rectum ; to fin d when t his is the 

case we have p = ^ :^ b X V^a — a^ ''' ^ = 
a^ a; ^ 2 aU' 

5. Required the same when, the velocity is a geometric mean 
between the greatest and least velocities, 

1 1 1 

Here ^ X y = -5-, :.p^ = D^ = 6* and^? = b; 



1 
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i. e. the required pcunt is at the extremity of the 
minor axis^ or at the mean distance. 

6. Beqmred Ae same tohen the vdocify is €ai hairmome 
mean betweem ike §reaie8t and bast vehcUm* 

11 1 

Here by Prob. -g, — and -y are in harmonical 

progression, /• D, p md ^ will be in arithmetical pro- 

session .%2 p :sz D + J andp = -—^ — sz a. U 
the distance hte required at this point, we have 

7. Required ihe poimin Ae paMbcia^ vfhere Aa decree 
ment of the Unear vehcUy is a maximum^ 

By pursuing the method given, (Art. 104*} m^ have 

1 •«*| dy 

V a — Qc y 9 ••dv <ac -y; but by that Art. dy = 

P _.^-. ^^ 

py ^iy\ "^ ^*y y\ 

y-^a 1 a 
^ich is a maximum by Prob.; **'*Tr"^**'^' — 3 

iedy Sady 5a 

is a maximum, .*. — j^ ^— = <?, or v = -r-* 

8. Beqmred the same in the ellipse. 

w a — oc \/ oc V • — — 1, /.cfooc 1 X 

p y y y 

2ady 2ady V yz _ ^z 

' oc -T-— 7=r=: ; but dy = — ^ tL = 



\ 
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V 2 a—i/ ^ 2 a y—y^—V 

^2 ay—jf' — 6* . 2 ay—y^—l^ 
s—~==. = maximum, .% ==!==: or 

1 y . . -^dy 

— — > == = maxmium* • • — 

y^ 3/ • 2 a — y y^ 

10 a b^y^dy — SH^y^dy 

7— ^ = o; or 2 v^ — 8 ay* + 

y° X 2«— y> ' Jf Jf -r- 

8a* + 3 6*.y — 5iyi* =o; firom whence j? may 
be found. 



9. Begiuired the paint in the parabola^ tchere theparacen^ 
trie veheify is a Tnaximum. 



By Art. 103, Paracentric velocity oc 



^y^ —j^ 



/. in this case a Jt^-^V _ ^,,^3^1^^^^ . t'-^V 

c?yi y^ 

\ a 
or — — — = maximimH /.^ =r 2 tf, L e. the requi- 

y Jt 

red point is at the extremity of the laJtus recium. 
10. Required the same in the ellipse and hyperbola. 

Paracentric velocity oc ^JlJIZIL^ which by Prob, 

Jt—f' ^ * 
is a maximum, /. or = maximum, 

2a + y 1 2a — 1 1 
i. e. , or + = maxi- 



mum, .'. ^ = — = J latus rectum. 

a 



152. Of the ANGULAR velocities of bodies revolving 
in the conic sections ; force tending to the f oats. 

L Required a general expression far the angular velocity 
of bodies revolving in any of the conic sections. 

Let a = area described in a given time, then Z*^ 

a Li X (pi 

velocity a — — - oc . 

Cor. 1. If different bodies revolve round the same 

centre, f is constant, /. Z' velocity a . 

Cor. 2. In different points of the same curve Z' 

1 
velocity oc — —-. 

2. To compare the // vehdfy in a conic section wUh the 
/J velocitg in a Q) at the same distance. 

Z' velocity a a (since the distance is the 

same) L*, •*• Z' velocity in the conic section : Z' 
velocity in a at the same distance I : L* : 2 S Pi* 

Cor> Hence Z' velocity in the conic section =z 
Z' velocity in at the same distance at the extre- 
mity of the latus rectum. 



3. To campaire ihe /J velocity in any poifit of the eUipst 
undi the mean ^^ vdocity. 

If a circle be described with the focus of the ellipse 
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as centre, and radius = A C or mean distance, the 
periodic time in this circle will = the periodic time 
in the ellipse, hence the uniform ZJ velocity in this 
Q will represent the mean Z' velocity of the body 

in the ellipse; /• since ^' velocity a — - — , we have 

Z' velocity in any point P : mean Z' velocity 
(o r Z' vel ocity in radius as mean distance) \\ 

f2CW 

V AC ^ 2AC 1 1 






SP* • AC* SP* • AC.CB 
Cor. Hence the Z' velocity in the ellipse = mean 
Z' velocity when S P* s A C. C B» or when the 
distance from the focus is a mean proportional be- 
tween the J axes of the orbit. 

4. 7b compare the Z^ vdofihf cut the meem distetnce with 
the mean ZJ velocity. 

Z' velocity at mean distance t mean Z' velocity 11 
"^ AC ^ 2AC 

AC** ^ Qa • • ^ 1> . V^ A. 

Cor. Hence the Z' velocity at the mean distance 
is less than the mean Z' velocity. 

5. The jL^ velocity round the higher focus of an ellipse of 
small excentricity is nearly uniform. 

Take P p (Fig. *74f) an indefinitely small arc, 
join P S, ^ S, and P H, pH; from P draw P n 
perpendicular to S p produced, and P m perpen- 
dicular to H p f then because the Z. V p m =: 
Z Sj& B = Z IPp n, and that the Z" at n and 
m are right Z*and Pj> common, .% Pw = Pn»; 
Hence Z"^ vdocity round S : Z' velocity round 



1 
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153. Of Ceniripetal and Centrifugal Forces in the 
Conic Sections, the centre of force being in the focus. 



1. Required a general empression for the ceintrifngalfntB 
in the conic sections. 

Let a ;= area described in a given time, then Art 

4 a* L. 9 

109, Cor. 2, centrifu£cai force = =5: . 

^ SP^ 2SP3 

Cor, 1. If different bodies revolve round the same 

L 

centre, <p is constant, .'. the centrifugal force a . 

Cor. 2. In different points of the same curve, cen- 

1 
trifugal force a sT^' 

2. To compare centripetal and centrifugal forces in the 
conic sections. 

(1) In parabola; centripetal force : centrifugal II 

2SP3 : SY* X PV::SP : 2SA::SP: IJ.- 

(2} In ellipse and hyperbola ; centripetal force : 
centrifugal :: 2 S P : SY». PV::2SP5 : BC*X 
SP 2SP,PH 5^*^ 

PH ^ AC •• SP : ^^:: SP : iL. 

Cor. Hence centripetal force s: ee&trifugal at the 
extremity of the latus rectum. 

3. Force in any conic sedtifm ; force in circle at the same 
distance, and moving ivith the same Z' velocity : : S P : 
iL. 

a* 
For by Art. 139, force a j v SP* ^ (since the 

Z' velocity and distance, and consequently a are 
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1 

the same in both case^) -j"? •'• force in conic section ; 

force in at same distance, aud moving with Che 

1 1 

same Z' velocity II y : ^ <^ p II SF : J L, 

Or the same may be deduced from the last Exam- 
ple ; for the force in the Q at the same distance, aad 
moving with thie same Z' velocity, is equal to the 
centrimgal force in the curve, but it has been shewn 
that centripetd fonse : centrifugal : ; S P : ^ L, .* 



• # 



MISCELLANEOUS PROBLEMS TO THE 
TWO LAST SECTIONS. 



1. IfiJiA 4!thpower rf the periodic times in different Q» 
are as the cube cf the velociiiesy find how the foroSy periodic 
time, and velocity, vary in terms rfradxus. 

5 R V* R 

P* a V^, A P* a V^, and — or — a — , 

P» R V3 

/. V a R* 
Again, P» a vl a Rt, and P a Rt. 

B i 

Lastly, F a pT a R • 

2. Find the actual vdocUy and periodic time cf a body 
revclving at the distance cfiwo cf ^ earth's radii above Us 
surface* | 

\ zz '^F.R= V g. —.Sr zz V—. 

^ S* 3 

2*. 3r /108 r 
Also P = = ff V . 

V g 

3* Given lAe force of gravity on the eariKs surface^ and 
the moorCs periodic time ; to find her distance. 

Let X = distance then as before 

V= Vg.-^x:= V^;a«dP = — , 






i 
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4. A body is revolving in a given about its centre, if 
the absolute force be increased in a given B?,, what must be 
the change of velocity that the body may stiU describe the 
same circle 9 

4 

Let force before change : force after 11 I : n; 
then since V a p^ when R is given, 
V. before change : V. after ll I : ^ n. 

5. What must be the law of the force^ that the areas dot, 
temp, in aU 0' tmiformly described abotU the centre of force, 
may be equal ? 

A 
P oc — a (by Prob.) A a R* ; 
a 

R 1 

:. F a a -— . 

P* R5 

6. La the magnitude of ajdanet : magnitude of earth : i 
n : ly amd their densities as 1 ip; required the space faUen 
through in V at the staface rf the planet. 

Qy of matter magnitude X density 
Here F « a 



3/ 

a density X r a density X V magn*. 

S/ — ' 3, 



:. F : gravity (g):: V n X I : V 1 X p, 

g vln FT* g Vn 

:. F = ^ and S = = ^ . 

p 2 2p 

7« RequiredtheRaiMof the quaniiHes of matter in Janets 
whidi have secondaries revolving round them. 

Let o = absolute force = quantity of matter in 
primary ; D = ^ axis of the ellipse described by the 
secondary, or =: mean distance of the secondary 
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from the primar}', P =r periodic time of the second* 
ary; 

then by Art 145, P* a /. p oc ; 

^ P* 

f may /« be assumed =: >- ; from whetifce ^e shall 

get the quantity of matter of the several planets in 
proportional numbers. 



8. Seqtdred Oe Bafio^fiit detmHet i^ pbmeU which 
ien» secondaries remhinff nmad dkm. 

Let r = radius of primary, is = sin, of the Z un- 
der which r appears at the distance D to radius unity ; 

quan. M^ 

then since density a , we have densitv oc 

magiii. 

9 D' r^ .1 

— — a ; but---— = s\w\ d^sity a ; 

I 

assume •% density = ■ > and we shall get the 

P*. 5* 

density of the planets in proportional numbers. 

9. Required the Ratio of Me weiffhis cf eqtud bodies on 
the smfdces of pUmets having secondaries revolving round 

• 

The weight of any body oc quantity of matter X ac- 
celerating force ; •*• since the bodies are equal by sup- 
positicm, the weight will be as the force with which 
the placets attract it, 

u c% weight oc oc 



II ■■ 



1* P*. r* 

This will also ^e the R^. of the spaces &)!en 
through in 1^' at the surface of the planets; for space 
oc accelerating force^ when the time is given. 
Noie.'^Tht density, &c. of planets, which have not 
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satellites revolving round them, can only be found by 
observing the effects which those planets produce 
upon the other planets in disturbing their motion. 

10. Having given the qttaniUies qf matter <f the eartk 
and moon and their distance ; find that paint hdween ihem 
oJt which a body wovM he at rest 

Let a = distance of earth and moon, x = dis- 
tance from the moon where the attractions are equal, 
Q and q the quantities of matter ; 

Then - ^ = =-. or — i- = l!L, 

^ a — ^' X a — X 



• • X := a* — =- 



11. Stqjposing the earth and moon to he of equal densities^ 
and diaaneter of earth : diamekr of moon : : 4:1; shew 
that the point tf equal attraction hettoeen the earthatid moon 
divides the distance hetween their centres in the R^ of Si L 

Let R and r be the radii of the earth and moon, 
D and ^ the 'distances of the point of equal attraction 
from each ; then 

Q q 

.M>:5»::Q:g; 

but when densities are equal, 
Qry:: R5 :2-3 ::64: 1, 
AD: 5:: 8: 1. 

12. If the attraction of the earth and moon he as their 
quantities of matter direcdy and the squares of their dis- 
tances inversely ; what is the nature of the curve in which a 
body heing placed would he equally attracted to hothf-^ 
(Fig. 74 a) 

Let £ be the earth, M the moon ; A the point d^- 

u 
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.tiennined, Prob. 10, where die attraction to both 
bodies is equal, A lying immediately between E and 
M. 

Put E A = ft, M A = tf, AN = :r, P N = y ; 

rru Q .i^«._^ ? 

Ihen :gpj sr pj^,ar ^^.+y. - ^3:;^, +^- 

•'• Q— ?- / = jft*— Qa* + Qa + q b.2x — 

Q 9 



.*. Q — q. r^ = Qa + j 6. 2 ^ — Q — q. ;r*, 
. Qa + y 6 

/• the carve b a circle. 

Cor* 1. If the ^ revolve KNind the diameter 
A C By it will generate a sphere, in every point of 
which a Ixxly being placed, wiU be equaUy attracted 
to both bodies. 

Qtf + ?ft 
Coar. 2. The radios of the spbets = ^ — , 

and AM == a. 

Qa + qb 
/. M C = -7^; ^ — a = distance of the 

Q — y 

centre of the sphere from the moon's centre. 
Qfl + y6 Q ^ 

«^-S- Q_g + * = QZTq « + * = 



EC; 



Q . Qfl+jr* ^^ 



hence Pi — -• ff + i : — j\ — ~— : I Q. « + J 

: Q a + yJ :: 1 : cos. AC D, 
/. D C F = 2 A CD is known. 

13. Having given the rdaHon ietween Ae eaUf^^cH 
force and the farce of gravity at the eartKs equator ; deter' 
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mine ike rdaHaM beltmem ike eentrifu^ force and the force 
offfranni^ at ike efuator of Jvfitery ike detmiks omL times 
ofrwekUisn^ rouml their istxea bem^ hmym» 

Let D and ^ be the densities of Jupiter and the 
«arth, P and p their times of Fevolution round their 
axes, and let cenurifugal force of earth : gravity I • 
^ : I ; 

. . . R 

then smce centarifugal force = — — and gravity 

D. R5 

« a D. K, 

R» 

. F I 



— « 



-• ■• 



G P*D' 

F . . F n 

'• — in case of Jupiter : — in earth = — 
G *^ G I 

:r.f^i P*D, 

andF:G::»jp* J: P*D. 

14. The earth being supposed a sphere revolving about its 
^txis with a given ZJ velocity ; find the point in the pbme 
<fihe equator where the eentripetaljbrce = the centrifagal. 

Let Vp be the earth's axis (Fig. 68 J^ E C the 
equator, A the required point ; put C A = ^, C E 
= r, P = time of the earth's revolving on its axis, 
p = P. T. of a body revolving at the ^earth's sur- 
face, then 

centripetal force at E : centrifugal at E ^ t P* : /?* 
centrifugal force at E : centrifugal at All r : a: 
centripetal force at A : centripetal at E Z Z r* : <r^ 

/• centripetal force at A ; centrifugal at A : I P^H 



P 

/. by Prob, o* a^ = P* r\ and x =: r . — 



1 
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15. The same things being supposed; find die curve in a 
meridional plane which is the locus of a body, the centrifugal 
force ofwhichy opposed to gravity^ is everg where equal to 
the force ifgnwity acting upon t^-T-(Fig. 68.) 

Let A be the point in the plane of the equator 
where centripetal force = centrifugal (see last Prob.), 
M any other point in the meridional plane ; put C N 

:;=^, MN=3^, CA = fl; then 

centrif. force at A : centrif. at M (or M B) : : a : ^ 

M B : M D (opposed to grav,) I \ ^4?* +y* : y 

centrip. force at M : centrip. at A : I a* : oe^ + y* 

■ 

/. centrip. force at M : M D ; : fl^^ : y V^ + y*^ 

:. by Prob.y '^ ^ + f = «' ; 
an equation belonging to a curve of the 5th order, 
having two infinite legs, to which P^ produced is an 
asymptote. 

16. In the 10/A Lemma^ where A D rqyresents the timcy 
D B ^ velocitgy and A BD the space described; if a 
straight line be drawn touching the curve AB inB the ex- 
tremitg of the ordinate^ the tangent of the ^ which this line 
makes with the axis will represent die farce. 

dv GF 

F= ^ =? r J?%:- 29; — = tan. ZFBG=. 

tan. Z BED. 

17. If a body begins to roll from B (Fig. 77) doum the 
quadrant B PD, unth the velocity acquired in falling through 
the given space AB\ to determine the point where it unU 
leave the qtuxdrant, and the point where it unll meet the ho- 
rizontal plane. 

When the body leaves the quadrant it will describe 
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a parabola, let it leave the circle in P ; then P is a 
point bpth in the parabola and circle, and P B D is a 
circle of curvature to the parabola at P, since P V oc 

jt; hence velocity at P = velocity acquired in 

falling down J* of the chord of curvature or 4 P F ; 
but it also = velocity down A B + B E ; 

Ao T>i7 P^ BC — BE 
/. A B + B E = -g- = ^ ; 

^^ BC— 2AB 
/.BE = = vers. sin. of arc de- 
scribed. 

Again, from A draw A N parallel to the horizou, 
which line is the directrix of the parabola Pp - make 
Z SP^= Z NP^,andPS = PN, and S is the 
focus ; with S as centre and A C as radius, describe a 
circle cutting the horizontal line Cp inp; pis the 
point required. For Sp = C A = ^ o / .*. j^ is a 
point in the parabola. 

Car. If AB = ^ B C, B E = o, or the body will 
fly off in a tangent at B ; if A B be greater than 
J B C, then B E is negative, i. e. ver. sm. is negative, 
or the Prob, is impossible^ 

18. Suppose a body to begin to m&oe from the point C 
(Fig. 78) of the cycloid A C P; to find the point where the 
body ivill leave the curve. 

Let P be the point required ; then as before (since 
P F = ^ chord of curvature of cycloid, and .*. of 

V* 
parabola smce P V a y;) PF or ED = BE, 

«. ^. AD — AE = AE — AB, -•. AE =5 
AD+AB 
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19. If any number ofbodiei be retmmedin horizonkd ctr* 
€ular orbits by means cf strings cfwMqwd letigthsy and the 
distance <fthe centresfirom the point cf suspension be equal; 
the times cftkevr revolutions unll be the same. 

This immediately appears from Art. 84, Ex. 4 ; 
for it is there shewn that P. T. « ^ S A. 

20. A body whirled round hf a string C A (Fig. 79*) ^ 
a vertical plane just keeps the string extended at A; reared 
the proportion of the tension of the string at B to the %veight 
of the body. 

By the Prob. the centrifugal force at A is just = 
the weight of the body, and •*• the velocity at A is = 

... AC 

that acquired in falling through D A = --- ; also 

the velocity at B = that acquired through DA-f- AB 

5 A C 

or ; .*. since centrifugal force oc V*, when r 

is {^ven, i. e. a space fallen through; 

centrifiiffal force at B : centrifugal force at A, 
or weight of the body, C: 5 : 1 ; 

but the tension of the string at B is made up of the 
centrifugal force at B together with the weight of 
the body; 

•*• tension of string at B: weight of body, :: 6 : 1. 

21. If a body suspended by a string oscUlate through a 
quadrant (the extremity of the quadrant being the lowest 
point) ; to compare the tension of the string with the weight 
if the body in any point of (he descent. 

Let P (Fig. 80 J be any point of the descent, W 
= whole weight of the body, w = that part of it which 
is employed in stretching the string, C = centiifugal 
force of the body at P, and x = sin. Z P A B to 
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radius 1. Hien gravity or weight of the body = g, 

V* 

.". tt? = g^; also centrifugal force = zz 2ga:; •• 

r 

C + w = tension at P = S g ar, 

.*. tension : weight il^ gx : gWS x x 1. 

CoTm Hence the tension of the string at the lowest 
point == three times the weight of the oody. 

22. Required the same in the cycUnd. 

Let gravity or the weight of the body be repre- 
sented by g, and put D G (Fig. %\) = a, and D F 
= XI then 

g : w : : D G : D E : : D G* : D F* : : ^i* : a?*» 

gxh V* 

/. w = —7- ; also C upon the same scale = 

2gx 

= — — ^gi 

2 X 

.*. C + tt) or tension at P = — r- + g 

a* 



= g X 



a* + x^ 



^^ + a^ 1 I 

A tension at P: weighting, ■ ■ ■■■ zglla^ + sr 

a* 
Cor. At the lowest point, tension : weight S! 2 : 1. 

23. LetAV (%. 82) he a sknder rod in the form of a 
curves whose axis 'S Ais perpenidicular to the horizovh o^nd 
laartngbeput^qKmiiojtcmypimU'Pi sigjpase the rod 
revoketiboui AViwiMsmAavelocifythaiibsriiigmayre' 
main ai rut tUFf tdquired de nature ^ tie carve A Ff 
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tluU Hie ring may also remain at rest at every other poiMt of 
Hit rod. 

Draw P T a tangent to the curve at P, put N P 
= ^, T N = subtangent = /, V = velocity of the 
rod at P ; then if gravity be represented by g^ we 

have centrifugal force at P ±2 — i= suppose to P D ; 

y 

: that part of the force which urges tlie body 






y 

up the rod, or PE :: PT :^, 

V* 
•\PE = — -; 
PT 

again, grav^ or g ( zz PC) : that part of it \i^hich 

urges the body down the rod, or P B i: P T : ^ ; 

/. P B = --; 
PT 

but since the body remains at rest, P E = P B, i. e. 
V* gt' 



, and V = Vg X TN; 



PT PT 

in like manner if ^ be any other point, the velocity 

necessary to make the ring rest oip = ^ g X t n; 
•*• in order that the body may remain at rest both at 
Pandj7, 

vel^ at Pinust be to vel^ at> :: ^TN = "^Tnl 
butveU atP: vel^ atpll PN:;? w; 

/• in order that the body may remain at rest both at 
P and p9 

T N must be to ^ n :: P N* :2> w», 

or the subtangent must be as the square of the or- 
dinate, u e. the curve must be a parabola. 

Cor. Hence if a vessel of water revolve about its 
axis, the cavity formed in the fluid by the revolution 
of the vessel will be a paraboloid; for every particle 
of the water forming the surface of the cavity re- 
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mains at rest by the supposition, and /. by the fore^ 
going Prob. must lie in the surface of the paraboloid. 

24. 77ie curve A B P being a parabola^ and ike rest as 
before ; let it be required to find the proper velocity untk 
which any point P must revclvcy that the ring placed at P 
may remain at rest. 

Let 0? =2 space fallen through by gravity to ac- 
quire the required velocity ; then as before we have 

-tx:* — PT — PT' 

Ai^Tx g ^TN g x 2AN 
ana r r> = — j^^ — = — p-^p 9 

2ga: 2g X AN , , t 

•'• p^ = pnn J .*. 4:^ = A N, Of the body 

must fall through a space equal to the abscissa of the 

curve. 

TN 
Cor. If A P be any other curve, a: ^ — ^ ; or 

the space fallen through must r= ^ the subtangent. 

25. A cylindrical vessel is filled with waJter ; ttnth what 
velocity must it be whirled round its axis that \ the water may 
be throuDn out f 

By Cor. Prob. 23, when the cylinder is turned 
round, the surface of the water in the vessel is a para- 
boloid ; and since the cylinder is full at first, the quan- 
tity of water thrown out will always be equal to the 
content of the paraboloid thus formed : now the great- 
er the velocity of the cylinder, the greater will be the 
quantity of water thrown out ; i. e. the lower will the 
vertex descend ; and sincie by the Prob. just half the 
water is thrown out, the cylinder must be whirled 
with such a velocity that the vertex of the paraboloid 
may descend till it just touch the bottom of the cylin- 

X 
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der r for in that case the quantity of water thrown out 
IS the content of the paraboloid inscribed in the cy- 
linder = ^ content of the cylinder. Let F A M 
(Fig. SSJ be the surfitce of the water ; then since 
after it has assumed this position it is supposed to re- 
main at rest, any particle as P is at rest. Let a = 
space fallen through to acquire the velocity of rota- 
tion at P; then by proceeding as in last Prob., x = 
A N ; and for the same reason the velocity of a par- 
ticle at M, or the velocity of the cylinder = velocity 
acquired down G A or the height of the vessel. 

26. A cylindrical vessel of a given magnitude isfiUed with 
toater ; with what velocity must it be whirled round its axiSy 
that the water may just caver \ the base ? 

Let A B C D fFig. S^J be the cylinder, AmnB 
the cavity formed in the water, let the paraboloid 
A 77} L B be completed, and put H L = ^, H G r= 
hf then 

AB* : m n* :: LU : L G :: X : X — h; 

but by Prob. A B* : tw »* : : 2 : 1 ; 

and2: 2— 1 (l)::^?:*, 

•'• j7 = 2 A ; hence by proceeding as in the last 
Prob. we shall have the velocity of a particle remain- 
ing at rest at B, or the velocity of the cylinder = that 
acquired in falling down H L or 2 A. 

27. Afirustmn of a cone of given dimensions^ and hadng 
its smaller end downwards, isftUed with water ; with what 
velocity must it revolve round its axis, that all the water may 
be expelled 9 

Let AMNB (Fig. 84^ be the frustum ; then in 
order that all the water may fly out, the velocity o£ 
the vessel must be such that the fluid would, if per- 
mitted, form itself into the paraboloid A B N L M 
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circumscribing the frustum ; put A B = a, M N = 
A, L H = J?, and H O = // ; then 

c? \V W X \ X — A, and a* \ c^ — 6* : : ^ : A, 

a'' h 
:* X = ^ .^ =:: space fallen through to ac- 

'quire the velocity sought 

28. Centrifugal force at the equator ^ arising from the. 
^artNs rotCEtUm round its axis : the centrifugal foree in a»jy 
parttUel of latitude : : rad^^ : cos7k^ilude\ * ; supposing tlve 
-earth a perfect sphere* 

Let P p (Fig. 76^ be the earth's axis, M Q the 

equator, A B any parallel of latitude, ^ = latitude, 

and take Q D and B n proportional to the centrifugal 

forces at Q and B; resolve Bw into Btw and m w, 

I then will B m represent that part of the centrifugal 

force at B which diminishes the force jof gravity ; 

j E . . 

! riien since F a a {since P is here given) R, 

pa 

I we have 

Q D : B n :: CQ : A B :: 1 : cos. a 
And B72:Bm::CB:AB::i: cos. k 



.\ QT> .Bmi: 1* :€os.9J*. 

Cor. 1. Hence, since QD is constant, the diminu- 
tion of gravity, or that part of the cecitrifugal force 
which diminishes gravity, in going from pole to equa- 
tor, a cos. ;J *• 

Cor* 2, Required the latittitie in which centrifugdl 

force = — the centrifugal force at the equator. 
m 

^ 1 

Here 1* : cos. ^l* .'.' m : I, .'. cos. a = --— iz. 
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29. Required the velocity of the earth round its cum, that 
the centrijugal force in laL 60^ ma^ = force of gravity 

there* 

» 

Let V = required velocity, C = centripetal force 
or gravity, c = centrifugal force at equator, d = 

centrifugal force in latitude 60® ; then since F oc — 

we have 

C:c::gr:V* 

butcrc':: 1* : cos. >\ * :: 4 : 1, 

but C =; c' by hypothesis, /. V = ^4gr. 

30. Required to find how the weight of the same body va- 
ries on different parts of the earth's surface* 

Let P = time of the earth's rotation round its 
axis ; p = periodic time of a body revolving at the 
earth's surface; C = centripetal force or force of 
gravity ; c = centrifugal force at the equator ; c^ = 
centrifugal force in any other parallel of latitude; 
then 

1 1 

C: c:: — : — ::P*:©* 

& c : c' : : 1* : COS. xV 



& C : C — c' (or comparative weight) : : P* 

: P* — p*. COS. xl * ; 

but the 1st and 3d terms are constant, 

/.weight a P* — pi*, cos. /O*. 
Or thus. Let r = radius of the earth, v = velo* 
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city round its axis, then since F oc V* when R is 
given, 

& Clcf :W I COS. a\* 



,\C\ (f y.gr I w*. COS. xV 
& C : C — cf (ox comparative weight) '•*> gr 
: gr — »*. COS. x\* 
.*. weight a gr — »*• cosTx*. 

Cor. To compare the force of gravity in any two 
latitudes. 

Let L = cos. lat. in one of the places, i = do. at 
the other ; then since force of gravity a g r — if. 

cos. ^)*, gravity at one place : gravity at the other 
:: gr — L^v" : gr — l'^ff' or:: P*— j9* L* : P* 
— lfl\ 

3 1 . JRequtred the Rath of the times of osciUation of a pen,' 
dudum in any two given kUitudeSy supposing the earth a ^here. 

Let L and I be the cosines of the two latitudes, T 
and f the times of oscillation of the pendulum at those 
latitudes, P and p as in the last Prob. ; then since 

time of oscillation « . — '^ when the length of the 

pendulum is given, we have by Cor. Prob. 30, 

T:t:: Vpz_j5»/» : Vp*_^*L». 

Cor. If the two places be the pole and the equator, 
we have/ = cos. = rad., and L = cos. 90**. = 0; 

:.T:t:: ^p*— p* : p. 

32. In a given latitude a pendtdum wiU oscillate once in 
a secondy supposing the earth not to revolve round its cuds ; 
required the /J motion round its cuds, that the pendtdum 
may oscillate once in two seconds. 

Let V =: required velocity round its axis ; I = cos. 
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latitude; F =: force of gravity at 1 st, or when the 
earth is at rest \f = force of gravity when it revolves 

round its axis ; then since time of oscillation oc -7=^, 

when the length of the pendulum is given, 

1:2:: -yr- : -p=. \\ ^/ : ^ F 

:: V^r— /*r* : ^^7 (by Cor, Prob. 30) ; 

& »» = -^, and w s= ^m. 

33. SupposiTig a pendulum in latUude 60^ to oscUleOe 
seconds, when t/ie earth revolves round its axis with a vdodt^ 
of "^ feet per second ; required the velocity of the earth round 
iis^iscisy that ike pexdubtmrnuafoacittaie <meem two seconds. 

Let V = required velocity, then, as before, com- 
parative gravity a gr — «?•. oosT^* oc (in this case 
where latitude = 60^.) 4 g r — tm, 

1 1 ,_ ,_ 

/. 1 :2::-7^: 77= :: ^/: ^F 
:: V4gr— V* :: ^ 4 gr—"^ ; 

A 4 g r — v^ =r 16 g r — 4 V^, 
and V = v^ :: • 



34. A pendtdum, vibrating in a certain time at the pole 
oftke 0sirfky vtbreefies once less in n times when carried to a 
phsoe SOi^from (he ojuator. In what time does the earth re- 
voitce rmmd tfe am ? 

N*^. of vibrations when length is given oc ^ F , •*• 
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C St?" 

f2n—l , 

/. by reduction t; = ^ — r— ^ — X ^j^gr 



35. Suppose the, earth a ^here, amd that a pendtdum 
whose length is (a) inches vibrates seconds in latitude 60^. 
WTuxt ivill be the length qfapen^fdum that vibrates secowis 
at the equator f 

Here L a F when time is given, 

.\a:L :: P» — ^ : P» _jp», 

4pa_4^» 
.\L = a X 4,p»_^» • 

36. Compare the space described in V by gravity in any 
given latitude with that which would bedescribed in the same 
time^ if the earth did not revolve round its axis. 

This in other words is to compare space described 
in any latitude in V with that described in the same 
time at the pole. 

Here S « F, /. 

S. in given latitude : S. at pole :: P^ '^p* L* 

Cor. If the latter place were the equator we should 
have 

S. in given latitude : S. at equator IT P* — J9* L* 
:P»_^. 
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37. LH the Force act in the direction of the ordinates ; Uf 
find the cwrve when Fa — . 

d?y \ ds^ ' 

dy dlr* dy^ da?" 

and — dyd}y<x —^^ •'• "^2"" ^ ""IT' 

• • dy ^ y a dx^ and x a y*, 

or the curve is the semicubical parabola* 

38. Required Me curve in which a hody^ revolving hy a 
farce which ads in lines }J to the axis^ shaU approach or 

leave the axis with a velocity always proportional to the or- 
dinaie, 

dy dy 

Here v cc y 6v dy oc y^ /. — is constant, or — 

a dXj 

dy 
and if M be a proper constant Q^, M. — = «lr, 

y 

which is the properly of the logarithmic curve. 

39. Compare the velociiy at any point in a curve with 
that in a O at the same distance when ^ Z farmed hy the 
distance and tangent is a minimum* (Fig. 8.) 

P ydp — pdy 
Sin. Z S P Y = — = min. .*. r = o, 

y t 

pdy 
/. —^ — = i ch. curvature = y^ .*. 

V : vel. in :: ^^ : ^^ - 1 : I. 

40. If the farce vary according to any law of the dis' 
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tance ; shew that in any orbit, at the point where the centric 
petal and centrifugal forces are equal, the velocity totuards 
the centre of force is a maximum. 

By Art. 103j paracentric velocity a ^ ^ 

1 1 

& /. when a maximum -- — "t = max. 

2 dp 2dy 2p^ di/ 2pdi/ 

or 2 S P' = S Y* . P V, /. centrip, = centrif. force. 

41. Find in what curve a body must revolve round a 
repulsive force, varying as the distance from a point, so that 
its velocity may alumys equal that in a Q at the same dis-^ 
tance round an equal attractive centre of force* 

It is evident the curve must be an hyperbola, the 
centre of force in the centre ; and it may be proved, 
as in Art. 1S5, that 

the velocity in this curve : velocity in at the 
same distance round an equal attractive force 

::CD : CP, 

.'. by Prob. CD always = CP, which is the 
property of the equilateral hyperbola ; 

the body .'. moves in this curve. 



42. Haw must ^ force be changed in an ellipse, to mdke 
a body move in a parabola f 

V* . . . . 1 

F a p-rr oc (in this case where V is given) -py" ; 

2SP.PH 
.*. F in ellipse : F in parabola : : 4 S P : — r q — 

::2AC : PH. 

Y 
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49^ Bmmmt Aefirahe chtmgtd m an tUipH^ ik 
bwtr t^m, Aat At body may ducriho a tMt f 

As ia the last F oc -ptf » •*• 

2CB* 
F in ell. : F. in G •* 2 distance : "T"in" •• distance 

: i lat rect. 

44. Qmgfore the veloeky of a body at the extremity (^the 
kttus reebgm of am ettipse widk the veheity ai the mean die^ 
ianee ; force hdny m thefocus^ 

Va «. • 



SY^ 



»■• 



V* at extremity of L. R. : V* at m. ^stance :: C B* 

SP 

:: C B» : C B.» p^ r: H P r S P 

L L 
::2AC — Y : ^::2AC* — CB* : CB» 

SC 

• It + €* : 1 — €*, where e = exceutricitj = TTT* 



45. A comet is in thepenheUon of a given dlipee; com^ 
pare its velocity with the vdoeiiy it woM have in a para-- 
Mb at Ae sameperiMion <il»foilci.«>-^F%. 14.) 

V* oc P V when F is given, 

2CB» 
••. V» in dl. : V* in parab. r: -j^ : 4 M S 

:: AS :2AC :: l +€ : 2. 

46. If a body move in a conic section (force iendiny t» 
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focms) ; tk€ vdodty ul the diMtonct SP is W As vdoctty fA 
tmy Mher distance SQeis a mean proportional betwem H P» 
^emd SQ is to a tnean proportional between S P and H Q. 

1 
V* oc^vior a PV, .% 



SY^ 



» ^ I V , U 



V.atP:V.atQ::CB. ^'|-jy:Ca Jl^ 
:: ^SQ.PH: v'srqh^ 

47. ^a hd^ revoive tn an ettip9e ("whose mqjoat and mi- 
nor axes are given) with the force tending to tk^Jocmy iund 
4he time of revolution be given ; find the actucd veloci^ of 
^ botfy at any given point in its orbit. 

Let t zz per. time =; P. T. in nd. A C» a sc 
^ ax. maj. d zs any distance; then velocity at the 

mean distance = velocity in radius A C := "~T"> 
•\ since V* oc oyirj 

-''"T— : V at distance d 1 1 /r 3 : 1, • 

a^ra {2a — d 



48. Determine the jC^ cKstance <f a body from ^ vertex 
n^an ellipse^ whose. excentricity = ^; at whic^ the velpci^ 

z greatest velocity : : 1 : ^ 3 «.^Fig. 14.) 

Since V* oc • 

SY* 

SP I 3 SP 
1 :3::SM*:CB*. 






PH 4 • * PH' 



^T 
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.•. S P = P H, or the body is at B; 
to find Z B S M we have S C = i, and C B = 
/. B S C = 60°. and B S M = 120^ 

49. Given the velocity of projection = to the velocity in a 

circle at the same distance (F oc f^) ; required the direction 

in which a body must be projected at a given distance^ that 
the focus of the conic section described may bisect the } ax. 
maj. : and determine the magnitude and position of the axes, 
-(Fig. 14.) 

The point of projection must be the extremity of 
the ^ axis minor, and the given distance z= S B = 
AC = (by Prob.) 2 S C; also if a tangent be sup- 
posed drawn at B, the Z it makes with S B = Z of 
projection = B S C ; to find which we have 

S B : S C :: 2 : 1 :: 1 : COS. B S C = J, 

.'. Z of projection = 60°. Hence ^ ax. maj. = the 
given distance, and makes with it an Z of 60°. ; 



alsoBC = '^SB* — SC* = AC. 



^T 



50. The times of moving from the perihelion to tlie ex^ 
tremity of the lot. rect, in different parabolas vary in the 
sesquiplicate ratio of the perihelion distances, 

A A iL» 1 

For P. T oc — a -y^ oc -7— a L*. 

51. Having given the major and minor axes of an ellipse, 
and the force in the focus ; compare the P. T. in the ellipse 
with the P. T. in a 0, whose radius = greatest distance in 
the ellipse, — (Fig. 14.) 

p. T. in an ellipse or P. T. in © rad. S B. : 
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P.T. in rad. S A :: SBi : S A^ 
::J:a+ "^ c? _i»Vor:: I : 1 + ^h 

52. Given the vdocity at any point of an ellipse (force in 
^ focus) ; itis required to find the per. titiw. 

Let V = velocity at the given distance d ; then 
V : velocity at mean distance or velocity in at mean 

f—r- 

distance : : 1 : / , 

V 2 a — a 



.*. velocity in at m. distance = v I , 

V 2 a — d 

/. P. T. in at mean distance = P. T, in ellipse 

circ. 2ira f2 a — d 



V 



V 



53. Compare the time of a revolution about the centre of 
a given ellipse vnth that about its focus. 

2 V 
By Art. 137, P.T. round centre = -^^, 

and by Art. 14?5, P, T. round focus = ""^^7=-" ; 

/. P : ;? : : 1 : a». 

54«. Find the o/Ctual P. T. in a given ellipse (centre of 
force in the focus) ; supposing the force at a given distance 
(d) is to the force of gravity a^ F : 1. 

Force at distance d = gF^ &c »\ at mean distance 

= gF.- 



17* 

*. P. T. in at mean dist ance o r P. T. in ellipse 




d gT 



55. ^ OM nf^ pari ^ Ae «ire4 wot ^aim am^, v&tf 
cAoii^ would be prodn/eed m <Ae nwm*a «rit^ quel jn tdktf 
rath woM her periodic time be tNcreouotf, the momie 9rbit 
befbn the change being supposed drcutar f 

1 
Since F a -~, the new orbit will be one of the 
D* 

conic sections, the centre of the earth being in the 
focus. Let •*• A P Q (Fig. 75 J be the origmalj and 
ARM the new orbit, and let me change take place 
when the body is at A ; then since the original orbit 
is a 0, the point A will be an apse of the conic sec- 
tion ARM. 

V* . . 1 
Now F a a (m this case) ; 

PV ^ ^ PV' 

/. force before change or (1) : force after (1 -^ \) 

SCD* 

:: :2SA, 

AC 

2CD» 2SA. SM ^ 

i,e. n:n — i:: : 2 SA:: — :2SA 

AC AC 

::SM:AC::2AC — AS:AC; 

n—l 
• • A v/ sn ■ - — • o A* 
n — 2 

Now (1) let » = 2, i. e. let \ the earth be taken 
away, then will A C be infinite, or the curve in that 
case will be a parabola. 

(2) Let n be less than 2, i. e. let more than ^ the 
earth be taken away, then will A C be finite but ne- 
gative ; .*. curve is an hyperbola. 

(3) Let n be greater than 2, or let less than ^ the 
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earth be taken away ; then will A C be finite and po- 
sitive, or the curve in that case will be an ellipse, 

fi — 1 ^ 

whose i axis major = . S A. 

n — 3 

To find the change in the periodic time ; we have 

^ ax. maj.V, 

P « 7i 

Pi . ^ 

/• P. T. before change : P, T. after :: ^Al 






:: n — 2]* : ni n — 1 ; 



n 

which R^ is only real and finite when n is greater 
than 2, or when the carve is an ellipse. 

Cor. In the two last cases ^ ax. min.V = A S. S M 



n 



= AS. AM — AS = .SA». 

n — 2 



56. Stgppoiing the vdociiy ttntk which a body would re- 
vohe m a circle aithe earth^s surface to be given ; what mtui 
be Ae velocity^ the direction continuing the samCy that the er- 
eeniriciig of the orhiJt may be 1000 miks ? 

Let A P Q f former figure) be a great o of the 
earth, ARM me ellipse described by the body, S the 
centre of the earth or focus of the ellipse, S C the 
excentricity; put AS « r, S C = a, V = velocity 
in A R M at A, I? = velocity in A P Q at A ; 

then since F a -^-y and that F is the same at A 

in both cases, 
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V* a P V; hence 

„ , ..2CD» ^ ^ 2SA.SM 

^ = ^ •• -777- •• 2 S A :: — : 2 S A 

AC AC 

:: SM : AC :: 2fl: + r : a + 7', 

/. V = t; V -^. 

a + ^ 

Cor. If tf be infinitely greater than r, or the path 
of the body be a parabola V = «> V 2. 

57. 7%€ velocity in an ellipse at the greatest distance is 
half that with which a body would move in a parabola at 
the same distance ; what is the excentricity of the ellip^ f — 
(Fig. 14.) 

V* a PV, .-. 

2 C B* CB* 

^ • * •• AC ' ^ ^^ •• s^(SM): 2 AC,. 

AC SC 

/. S C = —^ — ; and "rvi or € = \. 

58. Suppose a comet in its descent towards the sun to im- 
pel the earth from a circular orbit in a direction making any 
acute Z. fjoith the earth's distance; and the velocity after 
impact : velocity before : : "^ 3 : ^ 2 ; find what change: 
would he produced in the length of the year, 

3: 2.: HP: AC::2AC — r: AC, 

.-. A C = 2 /-, 

/. P T, before impact : P. T. after :: vi . 2 r i 

:: 1 : 2 VT. 

59. If with a force varying as , a velocity which is 

to the velocity in a : : ^ S" : '^ % at an jL S, and at a 
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distance d, a body he projected; find the exeentricify of 
the orbit described. 

As before, A C = 2d. 
Agaiiv p : dll sin. ^ : i 

S P 

*\p zz d , sin, % but p* =z bJ' 



2AC — SP 

_ ^ d V^ 



/. g» = 3i>* =5 3 d* smT^*, /. S C =r v^ a" — i* 

= V 4£Z* — 3<Z.* sin. 2n» 



SC / 3 



"■ I ■ > >i 1.^ 



and -T-^ or e = V 1 — — sin. S\*. 



60. Force varying as -=r^, a body is projected from a gi- 
ven point in a direction which makes an Z of 60^ with the 
distance, with a velocity which is to the velocity in a para- 
bola as I : ^ S. Find the met/or axis, the position of the 
apse, and the exeentridty of ike ellipse described^-^¥ig, 14.) 

V* oc P V, .M ; 3 :: 2 A C — S P : 2 A C, 

_ 3SP SP 

.-.AC = andPH = — . 

4 2 

Again, S P : S Y :: 1 : sin. 60 :: 2 : ^T, 

3SP* SP* ^ SP 

•%SY* = , andPY* = & PY = 

4 4 2 

= P H, /. A* S PH & S P Y are similar and equal. 

Hence Z P S A = 30° and P S M = 150° 
= position of the apse. 

SY SP^3" 

Lastly, SH = SY&SC = — = , 

2 4 

Z 
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SC 1 



or ^ = - . — , 



AC ^S 

61. Gwen the me^ and minor aaeea of an eUtpse : re-- 
quired die radius of a Q) described round the focus as a 
centre^ m which the periodic time is equal to the time of 
moving through the aphdiony from mean distance to mean 
distance, — (Fig. 14.) 

Let P = periodic time in required 0. rad. x'^ p 
= time from mean distance to mean distance ; 

A 

then since P. T. a , we have 

^L 

^ x^ i area of ell. + 2 a S C B 

v ab , 

^ » —^ + h ^«*— A* 



, _ — • 



r ^ a* + 2 a{ ^ «» — i» ; 



but P = 7^5 :. X •=. 



^ flt + 2 fli ^ a* — b^ 



. or,. in terms of ^^ == ^ • 



2 ^ 
AT + 2^5 

2 fir 



62. The perihelion distance of a comet is \ the distance 
cfOie earth from the suny and its orbit which is parabolicaly 
and the earth's which is circular y are in the same plane; 
haw many days is the comet within the earth's orbit 9 

Let PT^ be the earth's orbit (Fig. 69 J, then 

A 

since P. T. a — • 

a ' 



r 

r 
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p. T. of earth : T. through P Ap 
Q^Tp^ SPAp 

'• vx ' ^ • 

Now to find parabolic area S P A^ we have 

SPz=r = AN + AS = AN + — , 

3 

/. AN=s — ,andAS = SN. 

S 

Again, 4 A S. AN = PN% /. Pp - 2 PN 

-tL VY 

IQr* 

hence area PA» = 4AN. P» = . ^ 2* 

and A PS» = PN. SN = . ^"F, 

9 

10 r* ,_ 

4r 
Also L. R. in : L. R. in parab. : I 2 r : — C : 3 : 2, 

A P. T. of earth (365** ) : T through S P A^i 

: : 27 * : 10 ^ 3 - 



« • 



27 



63. Find the perihelion distance of the comet that ^ta^s 
the longest time within the earth* s orbit* — (Fig* 6^0 

SVAp = y AN. P;i — A PSjp 

= ~ AN.PN — SN.PN 
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« ♦ AN.PN — SSN.PN 



ocPNx 4AN — 3SN. 

Put S P = r, A S = X, /. r = A N + « and 

AN s= r — Xf 

.'. SN = r — 2^ and PN = ^4,ar. AN = 



V* x, r — x, 



.*. Area a V4f x.r — arX»" + 2j:, 
.-. by Prob. ^^ = max. or !^iZ^Zl£±If 

= max. or r — X . r + 2.r|* = max. 

r 
/. by reduction x = — . • 



64. Given the perthelum distance of a comet describing a 
parabolay and the radius of the earth's orbit here siqjposed 
circular ; con^Mxre the time ^the comets moving Arough 90 
degrees rftrue anomaly with the length of the solar year. 

Put S P = r, A S = flr, then 

flr r* la, 2a 
P. T. of earth : T. through 90° : : ■;^ 



2r "^ 4! a 






3 



65. An imperfectiy ekutie body revobfing in an elUpse^ 
whose eoecentridty is i^is reacted at the mean distance by a 
plane coincident with the distance so as to move after impact 
in the direction of the axis minor ; find the degree of elas- 
ticityy and compare the periodic times in the two ellipses,^— 
(Fig, 14.) 

In A S B C since 80 = 1 and SB= 1, ZBSC 
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= 60^ = Z of incidence which the direction of the 
body makes with the plane, and •*. the Z of reflexion 
which the direction of the body makes after impact 
with the same plane produced = 30% •*. by mechan- 
ics, 

Velocity before imp. : velocity after : : sin. 60® : 

sin. SO®:: "^T : i; 

butV* « PV 

/« ch. cur. before impact. : ch. cur. after :: 3 : 1, 

or if ^ = J ax. maj. of new orbit, 
and/z = SB = AC; 



2a* 2a. 2a: — a 
ax 

Sa 

P. T. before : P. T. after :: a» : -— | 115 ^ 5 : 

5 

3 ^T. 
Lastly by mechanics, 
F^^ compression : P^ of elasticity : : 
tan. 60°: tan. 30°:: 3: 1. 



66. Find the It*, of the velocity at the extremity of the 
lotus redtum of an ellipse (the force being in the focus) to 
the velocity in a whose radius is the distance of the near- 
er apside from the focus^ and shew that as the excentricity 
is encreasedy this It*, approaches to a It*, of equality. 

V oc , 

SY 

.'. V. at extremify of L. R. : V. in © r. S M 
(Fig. 1*; :: ^2AC* — CB» : V A C. S A 
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V 



:: ^AC» + AC* — CB»: AC.SC + CA 
:: ^AC* + SC» : '^AC* + AC. SC 

:: ^1 +c* : ^ 1 +e, where c = -^ 

AC 

= excentricity. 

This R®. decreases till e = ^2 — 1, it is then least, 
and thence approaches to 1. 

67. If a body revolve in an dUpKy the force bemg in one 
focusy the ZJ. velocity about the other focus is not atcuraie- 
ly equal to the mean ZJ* vdocity except at four points. 
Determine those points. 

By Art. 152, Ex. 5, we have 
Z'. vel. round S : Z'. vel. round H : : o-pT • ni\* 

and (Art 152. Ex. 3) mean Z^ velocity round S II 

1 1 

accb' sp* 

.*. mean Z'. velocity : Z^ velocity round H II 

1 1 

ACCB '"CD^' 
/• when Z'. velocity round H = mean Z'. velocity, 
CD* = AC. CB, orSP. PH =z ACCB, 

.\ x. 2 a — a: zz ab and .r = a + ^a* — ab. 

Or the four values of C D may be determined geo- 
metrically exactly as for C P in Art. 186 ; and if to 
these conjugate diameters be drawn, we shall have the 
required distances. 
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68. TTie exemtricity of the earth's orbit being small, the 

variation of the Z^^. velocity is nearly proportional to the 

cosine of the ^ made by the radius vector and the perihelion 
distance. 

Variation of Z'. velocity from mean Z'. velocity 

1 1 



1 + e. COS. tTl* 



ex {I + 2 e. COS. » + &c.) — (1 —J ^ &c.) 
a 2 e. COS. w + &c. a cos. v nearly. 

69. Sheto the earOCs ZJ. velocity to be nearly twice as 
great as it would have been had the earth's motion been tmi- 
form, — (Fig. 14.) 

Let A and a = earth's Z ^ velocity at M and A ; 
A' and a' = D"^. supposing the motion had been uni- 
form; then since Z'. velocity a -y^ in the Istcase^ 

1 
and a j^ in the second, 

A — /z : a : : SA* — SM* : SM* : : 2 AC. 2 SC : SM* 

and a' : A! — of :: SM : 2 S C; but 

11 

a : a' : : v at A : mean v^ 1 1 -s~jr J ?rs" • • CB : S A 

/.A — g;A^ — fl^::2 AC. CB;SM. SA::2AC 

: C B :: 2 : ^1 — ^* :: 2 : 1 nearly, since the ex- 
centricity of the earth's orbit is small. 
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